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This paper reviews several different models of weakly ionized plasma flows, where

charged particles are scattered in a background flow of neutral particles. A multispecies
diffusion model is derived from either a kinetic model or a multifluid model (which is
the Maxwellian closure of the kinetic model). This derivation is purely formal (in the
sense that only the Hilbert or Chapman–Enskog expansions are established). An even
simpler model, the so-called ambipolar diffusion model is derived from the multispecies
diffusion model. This latter derivation is based on energy estimates and on a form of
maximum principle which is established by writing the multispecies diffusion system in
terms of the so-called Slotboom variables.

Keywords: Diffusion approximation; plasma modeling; asymptotic analysis; quasi-
neutrality.

AMS Subject Classification: 22E46, 53C35, 57S20

1. Introduction

The subject matter of this paper is the mathematical modeling of weakly ionized
plasma flows. For simplicity, all plasmas considered in this paper consist of a single
species of neutral particles, a single species of ions (whose ionization level is equal
to 1) and electrons.

∗Corresponding author

1653



October 7, 2006 17:29 WSPC/103-M3AS 00166

1654 F. Golse, P.-H. Maire & R. Sentis

Moreover, the plasmas are assumed to be weakly ionized, in the sense that only
the binary collisions involving one ion or one electron and one neutral particle
are taken into account. In other words, the flow of neutral particles is somehow
prescribed (and is not much affected by that of charged particles); it drives the
flow of charged particles and acts as a thermal bath. Hence the macroscopic picture
for the charged particles is the following: their bulk velocity is that of the neutral
particles; however, their interaction with the bath of neutral particles results in
mass and possibly temperature diffusion.

There are various models for such plasma flows: there is a kinetic model, a
multifluid model, a multispecies diffusion model and finally the so-called ambipolar
diffusion model. This paper is aimed at explaining how these various models are
related and in particular how they can be derived from one another under relevant
scaling assumptions. In particular, we have tried to delineate carefully the various
assumptions on orders of magnitude under which each model can be used.

The first main results are related to the “formal” derivations of the multispecies
diffusion model from both the kinetic and the multifluid models. A remarkable
feature of this derivation is that the kinetic and multifluid models lead to different
multispecies diffusion limiting equations; indeed the multispecies diffusion equation
derived from the kinetic model involves a term modeling thermal diffusion while the
one derived from the multifluid model does not. This kind of multispecies diffusion
models may be found for example in Refs. 8, 12 and 18.

As for the meaning of “formal”, we refer to Sec. 3 and to the precise statements
of the theorems there. Suffices it to say here that these results are based on the
Hilbert or Chapman–Enskog expansion methods, without any proof of convergence.

Another important point is that all the analyses are stated in the whole space
R

3, meaning that these approximations are expected to be valid only far from the
boundary of the domain. The presence of electrized boundaries usually involves
rather complicated boundary effects which one hopes to model by boundary layer
techniques: see for example Ref. 5, as well as Ref. 1 in the much more complicated
case of plasma erosion or electric sheaths.

The other important result is the mathematical derivation of the ambipolar
diffusion equation from a multispecies diffusion model. Here, our starting point is
not a first principle equation itself but the system consisting of a diffusion equation
for the ionic density, a generalized Boltzmann relation for the electronic density and
the Poisson equation relating the electric potential to the density of charges. This
model is the formal limit of the multispecies diffusion model when the inertia of
the electrons is neglected. At variance with the rest of the paper, this derivation is
done in a bounded domain; however the boundary conditions are compatible with
the interior approximation so that no boundary layers are required to perform the
analysis.

The paper is organized as follows: in Sec. 2, we review the main different models
for weakly ionized plasma flows that we want to derive from one another; we also
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indicate in this section the various scaling assumptions under which each model can
be derived from a more microscopic model. Section 3 is devoted to the derivation of
the multispecies diffusion model from two different models: the multifluid and the
kinetic model. Remarkably enough, the two limiting multispecies diffusion models
are, as we said, different. Section 4 is devoted to the mathematical derivation of the
ambipolar diffusion model from the multispecies diffusion model.

2. Various Models for the Weakly Ionized Plasmas

2.1. The kinetic model

The most detailed description that we shall consider here is a kinetic model derived
from the general multispecies system, based on the following assumptions:

— the distribution of neutral particles is a local Maxwellian,
— collisions between charged particles are neglected (this means that the ioniza-

tion level is very weak),
— collisions between neutral particles and ions or electrons are elastic.

The corresponding model is written in accordance with the general prescription
for the kinetic description of mixtures. This kind of models may be found for exam-
ple in Refs. 7 and 15. The only modifications come from the two first assumptions
above, leading to the following system:

(K)




∂fi

∂t
+ v · ∇xfi −

1
β2

i

∇xψ

mn
· ∇vfi = Qi,n(fi, fn),

∂fe

∂t
+ v · ∇xfe +

1
β2

e

∇xψ

mn
· ∇vfe = Qe,n(fe, fn),

−∆xψ =
e2
0

ε0
(Ni − Ne).

In the system above, t, x and v denote respectively the time, position and velocity
variable; fα ≡ fα(t, x, v) is the number density of particles of the species α with
the subscript α being one of i (for ions), e (for electrons) and n (for neutral). The
mass of particles of type α is denoted by mα, while e0 denotes the (absolute value
of the) charge of the electron and ε0 is the electric permittivity of the vacuum. For
notational simplicity, we have denoted the mass ratios by β2

α = mα/mn and the
electric potential (up to the multiplicative constant e0) by ψ. Finally Nα ≡ Nα(t, x)
is the macroscopic number density of the species α, namely

Nα(t, x) =
∫

R3
fα(t, x, v)dv.

The terms Qi,n(fi, fn) and Qe,n(fi, fn) are the Boltzmann collision integrals
modeling respectively the instantaneous variation of the ionic and electronic
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densities due to collisions with the neutral particles. Their expression is as follows:

Qα,n(fα, fn)(t, x, v)

=
∫

R3
dvn

∫
S2

(fα(t, x, v′α)fn(t, x, v′n) − fα(t, x, v)fn(t, x, vn))rα,n(v − vn, ω)dω,

where v′α and v′n are the post-collision velocities corresponding to pre-collision veloc-
ities v and vn of the particles of type α and the neutral particles respectively. These
collisions preserve the total momentum and kinetic energy of any colliding pair of
particles

mαv + mnvn = mαv′α + mnv′n, mαv2 + mnv2
n = mα|v′α|2 + mn|v′n|2.

It is well-known that, given v and vn, the set of solutions v′α and v′n of the system
above is parametrized by the unit vector ω. The positive function rα,n denotes the
product of the cross-section for the particles of type α and the neutral particle
collisions by the relative velocity of the colliding pair.

As mentioned in the Introduction, one should think of the neutral particle dis-
tribution as a given function. In the sequel, this distribution function is assumed
to be a Maxwellian function parametrized by (Nn, Un, Tn) that is to say

fn(v) = NnMn(v), with Mn(v) =
1

(2πTn)3/2
e−

|v−Un|2
2Tn ,

where the density Nn, the velocity Un and the temperature Tn are given smooth
functions of t and x, as a matter of fact they are assumed to be solution of the
Euler system for compressible fluids, see (3.1) below. Notice that Tn denotes the
temperature normalized by the mass mn (i.e. Tn = Tn/mn where Tn is the physical
temperature).

2.2. The multifluid model

Let lM be a macroscopic length scale of the neutral flow (for example, the size of a
body immersed in the flow, or of the domain where the plasma is confined. . .). In
this paper, we assume that

— the mean free path of charged particles is small if compared to lM.
More precisely, let µi = µi(Tn) be the mean collision frequency between the ions

and the neutral particles (which will be defined in Sec. 3.1); if µC and TC denote
characteristic values of µi and of the physical temperature Tn, the characteristic
mean free path is lC = ( TC

mn
)1/2 1

µC
and it is convenient to introduce a first small

parameter

η =
lC
lM

� 1. (2.1)
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Then, in order to avoid the prohibitive numerical cost of multispecies kinetic
models, one often replaces the kinetic model above by a hydrodynamic closure
which is of the form of the classical Euler–Poisson system but with nonconservative
terms describing the relaxation of momentum of the ions and electrons due to the
collisions with neutral particles.

For this model, we also assume that:
— the ion and electron temperatures are somehow given and are equal to the

temperature of the neutral fluid.
Notice that this last assumption may be invalid, even when the collision fre-

quency of ions against neutral particles is very small if compared to the ratio of
lM over the characteristic value of the their velocity. In such a case, the ions and
the neutral particles are at the same temperature, while the electronic tempera-
ture is governed by the classical energy equation which involves the coupling to the
temperature of the other species; then the modeling is more complicated but the
general ideas are the same as the ones presented in this paper.

This hydrodynamic closure reads as the following multifluid model (see for exam-
ple Ref. 6)

(MF)




∂

∂t
Ni + ∇x · (NiUi) = 0,

β2
i

∂

∂t
(NiUi) + β2

i ∇x · (NiUi ⊗ Ui) + ∇x(NiTn) + Ni
∇xψ

mn

= −βiµiNi(Ui − Un),

∂

∂t
Ne + ∇x · (NeUe) = 0,

β2
e

∂

∂t
(NeUe) + β2

e∇x · (NeUe ⊗ Ue) + ∇x(NeTn) − Ne
∇xψ

mn

= −βeµeNe(Ue − Un),

− ε0
e2
0

∆xψ = Ni − Ne.

In the above model, Nα ≡ Nα(t, x) is the macroscopic number density of the species
α, Uα ≡ Uα(t, x) its velocity field.

2.3. The multispecies diffusion model

With the previous assumptions, the multispecies diffusion model is a good approx-
imation of the kinetic one. It can be found from the general prescription in Ref. 15.
For our situation, with the same notations as above, it may be recast in the following
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form, where Pn = NnTn denotes the neutral pressure:

(D)




∂Ni

∂t
+ ∇x. (NiUn)

=
1
βi
∇x.

[
NiD

T
i

∇xTn

Tn
+ NiDi

(
∇xψ

mnTn
+

∇x(NiTn)
NiTn

− β2
i

∇xPn

Pn

)]
,

∂Ne

∂t
+ ∇x. (NeUn)

=
1
βe

∇x.

[
NeD

T
e

∇xTn

Tn
+ NeDe

(
− ∇xψ

mnTn
+

∇x(NeTn)
NeTn

− β2
e

∇xPn

Pn

)]
,

−ε0

e2
0

∆xψ = Ni − Ne.

This model can be derived rigorously from the kinetic model (K) if we let η go
to 0; see Sec. 3.1 below where the expression of diffusion coefficients De, Di, D

T
e , DT

i

are given. It is also formally derived in Sec. 3.2 below from the multifluid model if
we let η go to 0; in which case the thermal diffusion terms vanish — in other words,
DT

e = DT
i = 0.

Remark 2.1. This model (or a more general variant corresponding to several
species of both neutral and charged particles) is widely used in the aerodynamics
literature (see for example Refs. 8 and 12). Often the Poisson equation is replaced by
a relation expressing the nullity of the electric diffusion current (i.e. the difference
of the two bracketed quantities on the right-hand sides of the diffusion equations
in (D)). Then this model can be compared with the ambipolar diffusion one (see
below).

In order to derive the so-called Drift-Diffusion Model with generalized Maxwell–
Boltzmann law, we now set DT

e = 0 and make another approximation:
— the mass of the electron is small compared to the mass of the neutral particles

and the relaxation effect negligible compared to either the electric or hydrodynamic
force: that is,

βe � 1, βeµe(Tn) � 1.

Thus all that remains from the electron momentum conservation law is

∇x(NeTn) − Ne
∇xψ

mn
= 0. (2.2)

This equation will be referred to as the generalized Boltzmann relation, for, if Tn

is constant, it is equivalent to

Ne = Ceψ/(mnTn) (2.3)
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which is the usual Maxwell–Boltzmann relation for the electrons. Then one can
replace the model (D) by

(DB)




∂Ni

∂t
+ ∇x · (NiUn)

=
1
βi
∇x ·

[
NiD

T
i

∇xTn

Tn
+ NiDi

(
∇xψ

mnTn
+

∇x(NiTn)
NiTn

− β2
i

∇xPn

Pn

)]
,

∇x(NeTn) − Ne
∇xψ

mn
= 0,

−ε0

e2
0

∆xψ = Ni − Ne.

2.4. Quasi-neutrality: The ambipolar diffusion model

Denote by NC a characteristic value of Ne. Let us recall that in a plasma, one can
define a Debye length lD by:

l2D =
ε0TC

e2
0NC

.

We simplify further the multispecies diffusion model by making the classical
assumption that the Debye length is small compared to the macroscopic length;
then we introduce the small parameter:

ε = lD/lM � 1.

On the Poisson equation

−NCl2M
TC

ε2∆ψ = Ni − Ne

it becomes manifest that, in the limit as ε → 0, |Ni − Ne| � Ni + Ne, at least in
some weak sense. Hence, one can define an approximate common value for the ionic
electronic densities by

N∗ =
1
2
(Ni + Ne) � Ni � Ne.

Next one can eliminate the electric force term in the ion momentum equation
by combining the two first equations of system (DB). (Notice that the electric
field is eliminated at the expense of changing the pressure law from Pi = NiTn to
P∗ = 2N∗Tn. This feature is unique to all quasi-neutral models.) After eliminating
this electric force in the diffusion flux of the multispecies diffusion model, one arrives
at the single equation governing the dynamics of N∗:

(APD)
∂N∗
∂t

+ ∇x · (N∗Un) − 1
βi
∇x · (N∗2Di∇x log(N∗Tn)) = 0.

That is to say, one eliminates the electric force at the expense of doubling the
ionic diffusion coefficient: introducing this factor 2 is the reason why this diffusion
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equation is called “ambipolar”. This kind of models may be found in the classical
textbook of Delcroix (cf. Ref. 10).

3. Derivation of the Multispecies Diffusion Model from
the Kinetic and the Multifluid Models

We now explain how to derive the multispecies diffusion model (D) first from the
kinetic model (K), then from the multifluid model (MF). In fact these derivations
are extremely similar in spirit. We shall, however, treat both for they do not lead to
exactly the same diffusion equation. We have to precise the evolution of the neutral
flow; so we assume from now on that Nn, Un, Tn satisfy the Euler system

∂

∂t
Nn + ∇x · (NnUn) = 0,

∂

∂t
NnUn + ∇x · (NnUn ⊗ Un) + ∇x(NnTn) = 0, (3.1)

∂

∂t
NnTn + ∇x · (NnTnUn) +

2
3
NnTn∇x · Un = 0.

3.1. Derivation from the kinetic model

From the kinetic model (K), we make here a Hilbert expansion in the small param-
eter η.

In this section, all the velocities are normalized by the mass ratio, that is say

v̄i = βivi, v̄e = βeve

and

f̄i(v̄i) = fi(vi), f̄e(v̄e) = fe(ve).

The normalized Maxwellian function corresponding to the species α is given by
the formula:

Mα(v̄) =
1

(2πTn)3/2
exp−|v̄ − βαUn|2

2Tn
.

On the other hand, the mean collision frequency between the ions and the
neutral particles µi = µi(x, v̄i) is defined by

µi(x, v̄i) = Nn

∫∫
Mn(vn)r(v̄iβ

−1
i , ω)dωdvn,

where Mn is given above. Here, if µC is a characteristic value of µi, we assume that

η =
(TC/mn)1/2

lMµC
=

lC
lM

is a small parameter. We now perform the following change of variables

qi,n(wβi, ω) = ηri,n(w, ω), qe,n(wβe, ω) = ηre,n(w, ω).
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From now on, we write fα, vα instead of f̄α, v̄α. The kinetic equation satisfied
by the distribution function fα reads as:

∂fα

∂t
+

1
βα

(
v · ∇xfα − ξα

∇xψ

mn
· ∇vfα

)
=

1
ηβα

Qα(fα), (3.2)

where we have set ξe = −1 and ξi = +1; and the collision operators are

Qα(fα)(v) = Nn

∫
R3

dvn

∫
S2

(fα(v′)Mn(v′n) − fα(v)Mn(vn))qα,n(βαvn − v, ω)dω,

with

v′ = v − 2
1 + β2

α

((βαvn − v) · ω)ω, v′n = vn − 2βα

1 + β2
α

((βαvn − v) · ω)ω. (3.3)

Moreover, the electric potential ψ is given by the Poisson equation

−ε0

e2
0

∆xψ =
∫

fi(v)dv −
∫

fe(v)dv.

The goal of this section is to construct formal approximate solutions to (3.2).
Formal solutions of an equation depending upon the small parameter η are usually
defined as formal series in the parameter η with C∞ coefficients satisfying the
equation. Of course the series will be truncated, in the present case at order 2.

Denote now fη
α the solution (3.2), it is sought in the form

fη
α = f0

α(1 + ηf1
α + η2f2

α + · · ·). (3.4)

On principle, one should also expand the electric field −∇xψ in terms of η.
However, this is useless in the case considered here: indeed, the electric field in
the multifluid model (MF) appears along with the diffusion terms and is of the
same order of magnitude, meaning that it is small compared to the inertial term.
One can check this particular point in the statement of Theorem 3.1 below: the
electric field appear at the order O(η) in the limiting diffusion model. Hence, for
simplicity it suffices to keep the leading order term in the electric field; in other
words, expanding the electric field is unnecessary under the scaling assumptions
leading to the multi-species diffusion model (MD).

For the sake of compactness, we use the notations

G =
ξα

mn
∇xψ and

D

Dt
= βα

∂

∂t
+ v · ∇x − G · ∇v.

It will be especially convenient to consider the collision operator twisted by the
Maxwellian, instead of the original form. In other words, observe that βαv + vn =
βαv′ + v′n and v2

α + v2
n = v2

α + v2
n; therefore one has

Mn(v′n)Mα(v′) = Mn(vn)Mα(v),
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which suggests to recast the collision operator of the form

Qα(fα)(v) = NnMα

∫
R3

∫
ω∈S2

+

Mn(vn)
(
fα(v′)Mα(v′)−1

− fα(v)Mα(v)−1
)
qαndωdvn.

We consider instead the twisted operator Γ defined for any function g = g(v) by:

Γ(g)(v) = N−1
n M−1

α Qα(Mαg)(v) =
∫∫

Mn(vn)(g(v′) − g(v))qαndωdvn. (3.5)

With these notations, the linear kinetic equation (3.2) reads
D

Dt
(f0

α(1 + ηf1
α + η2f2

α + · · ·))

= η−1NnMαΓ(M−1
α f0

α(1 + ηf1
α + η2f2

α + · · ·)). (3.6)

The Hilbert expansion method consists in balancing order by order in η each
side of (3.6). It leads to

• Order η−1:

Γ(M−1
α f0

α) = 0. (3.7)

• Order η0:

N−1
n

Df0
α

Dt
= MαΓ(M−1

α f0
αf1

α). (3.8)

• Order η1:

N−1
n

Df0
αf1

α

Dt
= MαΓ(M−1

α f0
αf2

α). (3.9)

Solving this string of equations depends upon applying the Fredholm alternative
to the integral operator Γ. Thus we have to state the properties of the collision
operator.

3.1.1. Properties of the collision operator

Consider the Hilbert space Lα = {g|
∫

R3 g2(v)Mα(v)dv < +∞}, with scalar product
〈 | 〉 defined by

〈g|h〉α =
∫

v∈R3
g(v)h(v)Mα(v)dv

(in the sequel, we do not write the subscript α). For proving the following propo-
sition, we assume that there exist 0 < C < C′ and γ ∈ [0, 1], such that

C(1 + |v − Un|)γ ≤
∫∫

Mn(vn)qαndωdvn ≤ C′(1 + |v − Un|)γ , ∀ v ∈ R
3. (3.10)

Proposition 3.1. The operator Γ is a nonpositive Fredholm operator on Lα with
domain

D(Γ) = {f ∈ Lα such that |v|γf ∈ Lα};
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it has the following properties

(a) ∀ (g, h) ∈ D(Γ), 〈Γ(g)|h〉 = 〈g|Γ(h)〉,
(b) ∀ g ∈ D(Γ), 〈Γ(g)|g〉 ≤ 0,

(c) Γ(g) = 0 ⇐⇒ g (v) ≡ C, where C is a const.,
(d) ∀ h ∈ L2

α, ∃ g ∈ Lα such that Γ(g) = h ⇐⇒ 〈h|1〉 = 0.

Sketch of the Proof. For any function h, we write h′ for h(v′) where v′ is given by
(3.3). According to the classical symmetry relation (v, vn) → (v′, v′n), we see that
for all h,∫

Q(f)(v)h(v)dv

= −1
2
Nn

∫∫∫
Mα(v)Mn(vn)

(
f ′M ′−1

α − fM−1
α

)
(h′ − h)qαndωdvndv.

Hence, for all h and g ∈ D(Γ),

〈h|Γ(g)〉 = −1
2

∫∫∫
Mα(v)Mn(vn)(g′ − g)(h′

α − hα)qαndωdvndv (3.11)

which establishes properties (a) and (b). Applying (3.11) with h = g implies prop-
erty (c). On the other hand, we can decompose Γ in the form14

(Γg)(v) = −g(v)
∫∫

Mn(vn)qαndωdvn + (Kg)(v), with K compact, (3.12)

then Γ is Fredholm and (d) follows.

3.1.2. The asymptotic expansion with respect to η

Terms at order η−1. The relation (3.7) together with Proposition 3.1(c) show that

f0
α(t, x, v) = N0

α(t, x)Mα(v). (3.13)

In other words, the equation at order η−1 gives the v dependence of f0
α; but f0

α is
modulated in the variables t and x and the equation governing this modulation is
determined by the next order in the expansion.

Terms at order η0. From (3.8) and (3.13), we get

Γf1
α =

1
NnMαN0

α

D

Dt
(MαN0

α). (3.14)

The compatibility condition (d) in Proposition 3.1 leads to a PDE for N0
α:〈

D

Dt
(MαN0

α)|M−1
α

〉
=

〈
βα

∂

∂t
(MαN0

α)+v·∇x(MαN0
α)−G·∇v(MαN0

α)|M−1
α

〉
= 0.



October 7, 2006 17:29 WSPC/103-M3AS 00166

1664 F. Golse, P.-H. Maire & R. Sentis

Since 〈v|M−1
α 〉 = βαUn and 〈∇vg|M−1

α 〉 = 0 for any g converging to 0 at infinity,
one gets

∂N0
α

∂t
+ ∇x · (N0

αUn) = 0. (3.15)

This compatibility condition being satisfied, we can solve for f1
α. Before embarking

on the computation of the right-hand side of (3.14), it is convenient to recall some
standard notations.

The identity matrix is denoted by I; for all 3 × 3 matrices S and S′, let us
denote S : S′ =

∑
1≤i,j≤3 SijS

′
ij ; in addition, the following vectors and matrices are

of constant use in the Hilbert expansion:

W =
v − βaUn√

Tn

, A(W ) =
(
|W |2 − 5

)
W, B(W ) = W ⊗ W − I

3
|W |2. (3.16)

Finally, let us state Xα = N0
α/Nn; then, with these notations at hand, we get

Lemma 3.1. If N0
α satisfies relation (3.15) while Nn, Un and Tn satisfy the Euler

system (3.1), then one gets
1

N0
αMα

D

Dt
(N0

αMα) = βαB(W ) : ∇xUn + A(W ) · ∇x

√
Tn

+
W√
Tn

·
[
G + Tn

(
∇x log Xα + (1 − β2

α)
∇xPn

Pn

)]
.

Proof. A classical computation gives the logarithmic derivative of the Maxwellian
distribution:(

βα
∂

∂t
+ v · ∇x

)
log Mα = βαB(W ) : ∇xUn + A(W ) · ∇x

√
T n + 2W · ∇x

√
T n

+ βα∇x · Un − β2
a

Nn

√
T n

W · ∇xPn. (3.17)

Then, the relation (3.15) leads to

1
N0

α

βα
∂N0

α

∂t
= −βαUn · ∇x log N0

α − βα∇x · Un. (3.18)

Combining (3.17) with (3.18) leads to the announced expression, after noticing that
∇v log Mα = T

−1/2
n W.

The next lemma is classical; it reflects the invariance of the collision operator Γ
under the group O3(R) of the rotations of R

3.

Lemma 3.2. Let Γ−1 : (Ker Γ)⊥ → (Ker Γ)⊥ be the pseudo-inverse of Γ.

There exist three real-valued functions aα, bα and cα defined on R
+ such that,

componentwise:

Γ−1(A(W )) = −aα(|W |)A(W ),

Γ−1(B(W )) = −bα(|W |)B(W ),

Γ−1(W ) = −cα(|W |)W.
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Proof. See Ref. 13 for a complete proof of this fact; notice that it is especially
important to consider the relations above as involving vectors or tensors, and to
let the group O3(R) operate on them. The key idea is the observation that, for any
R ∈ O3(R) we have

A(RW ) = RA(W ), B(RW ) = RB(W )RT .

Consider now the relation (3.14), assuming that the compatibility condition
(3.15) is satisfied. By the two previous lemmas together with Proposition 3.1(c),
one gets

f1
α(t, x, v) = N1

α − 1
Nn

βαbα(|W |)B(W ) : ∇xUn − 1
Nn

aα(|W |)A(W ) · ∇x

√
Tn

− 1
Nn

√
Tn

cα(|W |)W ·
[
G + Tn

(
∇x log Xα + (1 − β2

α)
∇xPn

Pn

)]
.

The equation governing the evolution of N1
α is found by looking at the compat-

ibility condition at order η1. Notice that a trivial parity argument shows that for
all i, j, k = 1, 2, 3

〈bα(|W |)Bij(W )|Wk〉 = 〈aα(|W |)Ai(W )|1〉 = 〈cα(|W |)Wi|1〉 = 0

while, for all i �= j ∈ {1, 2, 3}

〈aα(|W |)Ai(W )|Wj〉 = 〈cα(|W |)Wi|Wj〉 = 0.

In addition, the O3(R)-invariance gives, for all i, j = 1, 2, 3

〈bα(|W |)Bij(W )|1〉 = 0.

Terms at order η1. According to the previous relations, the compatibility condition
(d) in Proposition 3.1 applied to (3.9) leads to

0 =
〈

M−1
α

D

Dt
(N0

αMαf1
α)|1

〉

= βα
∂N0

αN1
α

∂t
+ βα∇x · (N0

αN1
αUn)

−∇x ·
[
N0

α

Nn

√
Tn〈aα(|W |)A(|W |) ⊗ W |1〉∇x

√
Tn

]

−∇x ·
[
N0

α

Nn
〈cα(|W |)W ⊗ W |1〉

[
G + Tn(∇x log Xα + (1 − β2

α)∇x log Pn)
]]

.

Using again the previous relations, we see that the diffusion tensors are diagonal and
isotropic; so we can introduce the mass diffusion and thermal diffusion coefficients

D̃α =
Tn

3Nn
〈cα(|W |)|W |2|1〉, D̃T

α =
Tn

6Nn
〈aα(|W |)A(W ) · W |1〉. (3.19)
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We refer to the Appendix for more details on D̃α and D̃T
α . In particular, D̃α > 0,

while there is no proof regarding the sign of D̃T
α . Then we get

βα
∂N0

αN1
α

∂t
+ βα∇x · (N0

αN1
αUn)

= ∇x ·
[
D̃T

α

N0
α

Tn
∇xTn + D̃αN0

α

(
G

Tn
+ ∇x log Xα + (1 − β2

α)∇x log Pn

)]
.

(3.20)

Once N1
α satisfies (3.20), one can solve for f2

α. We shall not bother to give the
explicit form of f2

α, for the compatibility conditions above are sufficient to give the
multispecies diffusion model. Notice that f2

α ∈ (Ker Γ)⊥, that is to say∫
f0

α(v)f2
α(v)dv = 0.

3.1.3. Statement of the theorem

The idea is then to consider Nη
α = N0

α(1 + ηN1
α) as the new unknown; adding η

times (3.20) to (3.15) leads to

βα
∂Nη

α

∂t
+ βα∇x · (Nη

αUn) = η∇x · (D̃T
α

Nη
α

Tn
∇xTn) + η∇x ·

[
D̃αNη

α

(
1
Tn

G

+∇x log
Nη

α

Nn
+ (1 − β2

α)∇x log Pn

)]
+ O(η2),

where the O(η2) is to be understood in the formal sense. That is to say Nη
e and

Nη
i are approximated solutions of system (D).

In any case, this construction suggests the following formal theorem.

Theorem 3.1. Assume that the differential cross-section satisfies (3.10). Consider
a family (Nη

α)η>0 of smooth solutions of

βα
∂Nη

α

∂t
+ βα∇x · (Nη

αUn)

= η∇x ·
[
D̃T

α

Nη
α

Tn
∇xTn + D̃αNη

α

(
1
Tn

G + ∇x log
Nη

α

Nn
+ (1 − β2

α)∇x log Pn

)]
.

(3.21)

If we define the family

F η
α(t, x, v) = Nη

αMα(v) − η
Mα(v)

Nn

×
(
βαbα(|W |)B(W ) : ∇xUn − aα(|W |)A(W ) · ∇x

√
Tn

)
− η

Mα(v)
Nn

√
Tn

cα(|W |)W ·
(

G + Tn

(
∇x log

Nη
α

Nn
+ (1 − β2

α)∇x log Pn

))
,
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then there exists a family of functions φη
α ≡ φη

α(t, x, v) such that
∫

φη
α(t, x, v)dv = 0

and F η
α + η2φη

α is an approximate solution of order 2 to (3.2), that is to say(
D

Dt
− 1

η
Qα,n

)
(F η

α + η2φη
α) = O(η2)

Notice that
∫

(F η
α − Nη

αMα)(v)dv = 0, so at a macroscopic level Nη
α is a good

approximation of the integral of the solution fα of (3.2). If we return to the physical
variables, Eq. (3.21) may read as the diffusion model (D) stated in Sec. 2 with

Dα = ηD̃α, DT
α = ηD̃T

α .

3.2. Derivation from the multifluid model

In this subsection, we shall present a formal derivation of the multispecies diffusion
model (D) from the multifluid model (MF). The multifluid model is an example of
a system of conservation laws with an external force (the electric force) and relax-
ation term (due to the slowing of charged particles by collisions with the neutral
background particles). For systems of conservation laws in the strong relaxation
limit, formal expansions in the style of the Chapman–Enskog expansion have been
proposed by different authors: see in particular Chen–Levermore–Liu9 and the ref-
erences therein. Just as the Chapman–Enskog expansion allows to derive (at least at
the formal level) the compressible and incompressible Navier–Stokes equations from
the Boltzmann equation,— see for example Bardos–Golse–Levermore,3 Bardos–
Ukai,4 and DeMasi–Esposito–Lebowitz11 for an account of the formal derivations
as well as for the mathematical progress made recently in this program — the
analogous expansions allow to derive (nonlinear) drift-diffusion systems from the
original systems of conservation laws in the strong relaxation limit. We shall follow
in this section the method of Chen–Levermore–Liu,9 the only difference being the
(electric) force term.

Using the same small parameter η = lC/lM as above, the multifluid model (MF)
reads as

∂

∂t
Ni + ∇x · (NiUi) = 0,

β2
i

∂

∂t
(NiUi) + β2

i ∇x · (NiUi ⊗ Ui) + ∇x(NiTn) + Ni
∇xψ

mn
= −βi

νi

η
Ni(Ui − Un),

∂

∂t
Ne + ∇x · (NeUe) = 0,

β2
e

∂

∂t
(NeUe) + β2

e∇x · (NeUe ⊗ Ue) + ∇x(NeTn) − Ne
∇xψ

mn
= −βe

νe

η
Ne(Ue − Un).

Recall that here ψ is solution to the Poisson equation.
The Chapman–Enskog method consists in substituting the expansion U0

α +
ηU1

α + η2 · · · truncated at first order in this system and insisting that this truncated
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expansion be consistent to the highest possible order with the real solution. This
results of course in a system of PDEs for the profiles Nα and this system will be the
desired approximation. Hence consider the truncated Chapman–Enskog expansion

Uα � U0
α + ηU1

α (3.22)

which is substituted to Uα in the momentum equations for both the ions and the
electrons. Balancing order by order in η, one finds

U0
α = Un (3.23)

and, at order one for the ion velocity, taking account of (3.23)

U1
α = − βα

να(Tn)Nα

(
Nα

∂

∂t
Un + NαUn · ∇xUn +

1
β2

α

∇x(NαTn) +
1
β2

α

NαG

)
. (3.24)

This relation may be simplified by using the momentum conservation for the neutral
particles, that is to say

∂

∂t
Un + Un · ∇xUn = − 1

Nn
∇xPn (3.25)

so we get, in the end:

U1
α = − 1

να(Tn)βαNα

(
∇x(NαTn) + GNα − β2

α

Nα

Nn
∇xPn

)
. (3.26)

The system of equations for the approximate evolution of Ni and Ne is then
obtained by substituting U0

i + ηU1
i and U0

e + ηU1
e to respectively Ui and Ue in the

conservation of mass for the ions and the electrons.
With this prescription we see that the solution of the multifluid model (MF)

may be approximated by the solution of the following diffusion model which reads as

∂

∂t
Ni + ∇x · (NiUn) = ∇x ·

[
η

νiβi

(
∇x(NiTn) + Ni

∇xψ

mn
− β2

i

Ni

Nn
∇x(NnTn)

)]
,

∂

∂t
Ne + ∇x · (NeUn) = ∇x ·

[
η

νeβe

(
∇x(NeTn) − Ne

∇xψ

mn
− β2

e

Ne

Nn
∇x(NnTn)

)]
.

This system of the form already presented in the multispecies diffusion
model (D), but with the following choices of diffusion coefficients:

DT
α = 0, Dα = η

Tn

να(Tn)
. (3.27)

In this derivation of the multispecies diffusion model, there is no thermal dif-
fusion. This is because we have started from multifluid model which is based on a
Maxwellian closure for the charged particles. This is the main difference with the
diffusion approximation obtained from the kinetic theory.
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Remark 3.1. According to the expression of the ion velocity Un + ηU1
i and the

electron velocity Un + ηU1
e , we can get an evaluation of the electric current J =

Ni(Un + ηU1
i ) − Ne(Un + ηU1

e ) (by neglecting the β2
e term)

J = (Ni − Ne)Un +
η

νeβeNe

(
∇x(NeTn) − Ne

∇xψ

mn

)

− η

νiβiNi

(
∇x(NiTn) + Ni

∇xψ

mn
− β2

i

Ni

Nn
∇xPn

)
,

where ψ solves the Poisson equation. Of course, the main term here is related to
the electron part, that is to say J � η

νeβeNe
(∇x(NeTn) − Ne∇xψ/mn).

Remark 3.2. Approximating solutions of the multifluid model (MF) by solutions
of the multispecies diffusion model (D) or (DF) makes sense only as long as one is
dealing with smooth solutions. It is worth noticing that the characteristic speeds of
the multispecies model are Ui ±

√
Tn for the ions and Ue ±

√
Tn for the electrons,

while the drift in any of the two diffusion equations is Un � Ui � Ue in the strong
relaxation limit. Hence this theory cannot describe situations where the ion or
electron densities have shocks or even high frequency oscillations.

4. A Mathematical Justification of the Ambipolar
Diffusion Equation

In this section, we shall attempt to give a mathematical justification of the ambipo-
lar diffusion model (APD). Unfortunately, we have not been able to derive the
ambipolar diffusion model completely from the kinetic model. We shall instead
start from (DB). On the other hand, we can deal with a more general situation
than in (DB): we assume that the ionic temperature Tn which is now denoted by
T and the electronic temperature Te are not equal but are only proportional, that
is to say, there exists a positive constant r such that:

Te = rT. (4.1)

Let us recall that this model corresponds to the small electronic mass and strong
ionic relaxation limit. We assume that there is no thermal diffusion, that is, DT

i = 0
in (DB). We shall introduce a further simplification: the time derivative is replaced
by an implicit discretization where NO

i is the ionic density at the beginning of the
time-step and λ = 1/∆t. This is justified; indeed the time evolution of the ion
density is very low compare to the coupling phenomena between electron and ion
(which are instantaneous in this model).

As it was stated in Sec. 2, after introducing the Debye length lD, the Poisson
equation reads as

−NC

TC
l2D∆ψ = Ni − Ne.
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We assume here that the Debye length is very small compared to the character-
istic length lM:

ε = lD/lM � 1.

We use a dimensionless spatial variable related to lM. We also normalize the density
function Ni and Ne by the charcteristic value NC , the potential ψ by the charcteris-
tic temperature TC and the function T by the charcteristic value mnTC . Recall that

Pi = NiT, PO
i = NO

i T, Pe = rNeT.

The resulting equations are recast in dimensionless form

λNi −∇ ·
[
Di

(
∇Pi +

Pi

T
∇ψ

)]
= λNO

i , (4.2)

∇Pe =
Pe

rT
∇ψ, (4.3)

−ε2∆ψ = Ni − Ne. (4.4)

In the above system, the temperature T and the diffusion coefficient Di are given
positive functions of x. This section is aimed at giving a mathematical derivation
of the ambipolar diffusion equation starting from this system. Although, as we
have already said, this system is not itself a first principle, we think that it is
worthwhile to present rigorous arguments in favor of the ambipolar diffusion model,
in particular to clarify the limits of its validity. Eliminating the electric field, thanks
to (4.3), leads to the following coupled system where Pi = P ε

i and Pe = P ε
e are the

new unknowns:
λ

T
P ε

i −∇x · [Di (∇xP ε
i + rP ε

i ∇x(log P ε
e )] =

λ

T
PO

i . (4.5)

−ε2∇x · (T∇x(log P ε
e )) =

1
rT

(
P ε

i − 1
r
P ε

e

)
. (4.6)

The above system, which is the classical nonlinear Poisson equation, is posed in
a domain O ⊂ R

3 with smooth boundary ∂O. The first reduced system (4.2)–(4.4)
is supplemented by the following homogeneous Neumann conditions at the bound-
ary

(
∂ψ
∂n

)∣∣
∂O

= 0 (indicating that the boundary is insulating) and
(

∂Nα

∂n

) ∣∣
∂O

= 0
(indicating that particles are reflected at the boundary). These conditions, with
the relation (4.3) show that

(
∂T
∂n

) ∣∣
∂O

= 0. Then, it leads to the following boundary
conditions for the reduced system (4.5), (4.6)(

∂Pi

∂n

) ∣∣∣∣
∂O

=
(

∂Pe

∂n

) ∣∣∣∣
∂O

= 0. (4.7)

One might say that these boundary conditions are not extremely interesting
from a physical viewpoint. However, (as we shall see below) the ambipolar diffusion
model is a consequence of quasi-neutrality. In order to establish the validity of the
ambipolar diffusion model up to the boundary of the domain O it is important that
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the boundary conditions exclude the possibility of source terms at the boundary
which would induce a local breakdown of the quasi-neutrality condition. The general
mathematical analysis involving boundary layers describing the departure from
quasi-neutrality near the boundary is a rather difficult subject. We refer to Ref. 5,
for the particular case where the temperature is constant and the ionic density
prescribed. For a boundary layer analysis of quasi-neutrality breakdown in the
weakly ionized case, see Ref. 1 and the work Ref. 16. In the sequel, we shall study
the system (4.5)–(4.7) in the limit as ε → 0.

4.1. Maximum principle

What is fundamental for our purpose is to establish bounds on the electronic and
ionic pressures that are uniform as ε → 0. The special structure of the system
(4.5)–(4.7) and particularly assumption (4.1) allow a change of unknowns analo-
gous to the introduction of Slotboom variables in the diffusion equations for semi-
conductors (see for example Ref. 17).

Proposition 4.1. Assume that the data PO
i and T in (4.5)–(4.7) verify the bounds

1
C0

≤ PO
i (x) ≤ C0, T (x) > 0, x ∈ O, (4.8)

for some positive constant C0. Then, there exists a positive constant C1 such that,
for all ε > 0, any weak solution P ε

i > 0, P ε
e > 0 of the system (4.5)–(4.7) satisfies

the bounds
1
C1

≤ P ε
i (x), P ε

e (x) ≤ C1, x ∈ O. (4.9)

Proof. Let Pi > 0, Pe > 0 be a weak solution of the system (4.5)–(4.7). We define
the analogue of a Slotboom variable, that is, a function u such that

Pi = uP−r
e .

Equation (4.5) then becomes

λ

T
uP−r

e −∇x · (DiP
−r
e ∇xu) =

λ

T
PO

i . (4.10)

The classical maximum principle, when applied to Eq. (4.10), gives the estimate

sup
x∈O

u(x) ≤ sup
x∈O

PO
i (x) ·

(
sup
x∈O

Pe(x)
)r

.

Applying next the same maximum principle to (4.6) gives

1
r

(
sup
x∈O

Pe(x)
)r+1

≤ sup
x∈O

u(x).

Hence one has the bounds
1
r

sup
x∈O

Pe(x) ≤ sup
x∈O

PO
i (x)
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and

sup
x∈O

u(x) ≤
(

sup
x∈O

PO
i (x)

)r+1

.

Notice that these bounds are uniform in ε. Proceeding exactly in the same man-
ner with the minimum principle gives lower bounds on Pe and u in terms of
infx∈O PO

i (x).

Remark 4.1. The uniform estimate above and classical arguments allow to prove
the existence for all ε > 0 of a weak solution of the system (4.5)–(4.7) satisfying
(4.10) under the assumption (4.8); we shall not dwell on this and take this existence
result for granted in the sequel.

4.2. The asymptotic limit as ε → 0

In this subsection, we first show a result related to quasi-neutrality, then the desired
result on the ambipolar diffusion.

Proposition 4.2. Assume that the data PO
i and T in (4.5)–(4.7) verify the bounds

(4.8) for some positive constant C0. Then the solution P ε
i , P ε

e of (4.5)–(4.7) and
the corresponding ionic and electronic densities N ε

i and N ε
e satisfy the asymptotic

estimate

‖P ε
i − rP ε

e ‖L2 = O(ε), ‖N ε
i − N ε

e‖L2 = O(ε), (4.11)

as ε → 0.

Proof. Multiplying (4.6) by log(P ε
i ) − log(1

r P ε
e ) and integrating with respect to x

results in: ∫
O

1
rT

(
P ε

i − 1
r
P ε

e

)(
log(P ε

i ) − log
(

1
r
P ε

e

))
dx

≤ ε2
∫

O

T∇x log P ε
e · (∇x log P ε

i −∇x log P ε
e )dx. (4.12)

Multiplying then (4.5) by (log P ε
i + r log P ε

e ) and integrating with respect to x gives∫
O

DiP
ε
i |∇x log P ε

i + r∇x log P ε
e |2dx

≤
∫

O

λ(PO
i − P ε

i )
T

(log P ε
i + r log P ε

e )dx. (4.13)

It follows from this inequality and the uniform estimates (4.1) that

‖∇x log P ε
i + r∇x log P ε

e ‖L2 ≤ C2 (4.14)
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uniformly in ε. Equation (4.12) is then transformed into∫
O

1
rT

(
P ε

i − 1
r
P ε

e

) (
log(P ε

i ) − log
(

1
r
P ε

e

))
dx + (r + 1)ε2

∫
O

T |∇x log P ε
e |2dx

≤ ε2
∫

O

T∇x log P ε
e · (∇x log P ε

i + r∇x log P ε
e )dx. (4.15)

The first integral appearing on the left-hand side of the inequality above is non-
negative; therefore, by using the Cauchy–Schwarz inequality with (4.14), one
deduces from (4.15) the existence of a positive constant C3 (uniform in ε) such
that

‖
√

T∇x log P ε
e ‖L2 ≤ C3. (4.16)

Injecting the bound (4.16) in (4.15) gives the existence of a positive constant C4

such that ∫
O

1
rT

(
P ε

i − 1
r
P ε

e

)(
log(P ε

i ) − log
(

1
r
P ε

e

))
dx ≤ C4ε

2.

It is classical to deduce from this inequality that∥∥∥∥√
P ε

i −
√

1
r
P ε

e

∥∥∥∥
L2

= ‖
√

T
(√

N ε
i −

√
N ε

e

)
‖L2 = O(ε);

with the uniform bounds (4.9) established in Proposition 4.1, this gives precisely
the announced estimate.

Theorem 4.1. Assume that the data PO
i and T verify the bounds (4.8) for some

positive constant C0 and that T ∈ W 1,∞(O). For all ε > 0 let N ε
i and N ε

e be
respectively the ion and electron densities corresponding to the solution P ε

e , P ε
i of

the system (4.5)–(4.7) verify

N ε
i → N∗, N ε

e → N∗

in L2(O) as ε → 0. The function N∗ is a solution of the “ambipolar diffusion
equation”

λN∗ −∇x · (Di∇x(N∗(Tn + Te))) = λNO
i (4.17)

on the domain O, with the Neumann boundary condition

∂N∗
∂n

∣∣∣∣
∂O

= 0. (4.18)

Proof. We go back to (4.5) which is conveniently recast in the form

λN ε
i −∇x ·

[
Di

mi

(
∇x(N ε

i Tn) +
N ε

i

N ε
e

∇x(N ε
eTe)

)]
= λNO

i .
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Letting ε → 0 and appealing to the estimate (4.9), one easily obtains further uniform
estimates as follows:

‖∇x(N ε
i Tn)‖L2, ‖∇x(N ε

eTe)‖L2 ≤ C5, (4.19)

where C5 is some positive constant independent of ε. Estimates (4.11) and (4.9) give∥∥∥∥N ε
i

N ε
e

− 1
∥∥∥∥

L2

= O(ε) (4.20)

as ε → 0. It follows from (4.19) and (4.20) that∥∥∥∥∇x(N ε
i Tn) +

N ε
i

N ε
e

∇x(N ε
eTe) −∇x(N ε

i Tn) −∇x(N ε
eTe)

∥∥∥∥
L2

= O(ε).

Hence, as ε → 0, the ionic and electronic densities N ε
i and N ε

e converge weakly in
L2(O) to the same function N∗ satisfying Eq. (4.17) with the Neuman boundary
condition (4.18). This weak convergence follows from the uniform bounds in ε estab-
lished in Proposition 4.1 and from the uniqueness of the solution of the ambipolar
diffusion problem (4.17) and (4.18). This weak convergence is in fact strong because
of the estimates (4.19) and by the regularity assumed on T .

Appendix A. Variational Formulation for the Diffusion
Coefficients

Let us first recall an elementary property of the mass diffusion coefficient D̃α.

Lemma A.1. The diffusion coefficient of each species is positive: D̃α > 0.

Proof. Indeed, by Proposition 3.1(b)

D̃α =
Tn

3Nn
〈cα(|W |)|W |2|1〉 = − Tn

3Nn

3∑
i=1

〈cα(|W |)Wi|Γ[cα(|W |)Wi]〉 ≥ 0.

If D̃α = 0, again by Proposition 3.1, c(|W |)Wi ∈ KerΓ for i = 1, 2, 3; but this is
impossible since by definition c(|W |)Wi ∈ (Ker Γ)⊥ : see Lemma 3.2.

This Appendix is aimed at giving a variational formulation of the integral equa-
tions in Lemma 3.2 which is useful in numerical computations of the diffusion
coefficients. The problem that we have to solve can be stated as follows: Find a
radial function X which satisfies the integral equations

−Γ(X(|W |)Wi) = h(|W |2)Wi, i = 1, 2, 3 (A.1)

in the following two cases:

— case 1: h ≡ 1; then X = cα and D̃α = Tn
3Nn

〈X(|W |)||W |2〉.
— case 2: h ≡ |W |2 − 5; then X = aα(|W |)(|W |2 − 5) and

D̃T
α =

Tn

6Nn
〈X(|W |)||W |2〉.

That the problem is well-posed, follows from 〈h(|W |2)Wi|1〉 = 0.
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Lemma A.2. The variational formulation equivalent to (A.1) is

inf
θ∈(KerΓ)⊥

−1
2
〈Γ(θ)Wi|θ〉 − 〈θ|h(|W |2)Wi〉, i = 1, 2, 3. (A.2)

In other words, X is the only radial function such that

∀ θ ∈ (Ker Γ)⊥, −〈Γ(X(|W |)Wi)|θ〉 = 〈h(|W |2)Wi|θ〉, i = 1, 2, 3. (A.3)

Proof. Observe that −Γ is Fredholm self-adjoint non-negative and hence induces
an elliptic bilinear form on (KerΓ)⊥. The result follows from the Lax–Milgram
theorem.

The variational problem (A.2) is then approximated by the Galerkin method. It
has been known for a long time (see for example Ref. 7) that the Sonine–Laguerre
polynomials provide a good Galerkin basis for this problem; these polynomials area

S(k)(t) =
k∑

p=0

(3/2 + k)!
(3/2 + p)!p!(k − p)!

2−p/2(−t)p.

Then, if Hn denotes the subspace spanned by the functions S0(|W |2),
S1(|W |2), . . . , Sn(|W |2), the nth order approximation X̂ of the solution X of this
problem satisfies

∀ θ ∈ Hn, −〈Γ(X̂(|W |)Wi)|θ〉 = 〈h(|W |2)Wi|θ〉, i = 1, 2, 3. (A.4)

Recall the orthogonal property of these polynomials∫ ∞

0

t3/2e−tS(m)(
√

2t)S(k)(
√

2t)dt = δmk
(3/2 + k)!

k!
.

It is translated as follows for the scalar product 〈·|·〉:

〈S(m)(|W |2)Wi|S(k)(|W |2)Wj〉 = δijδmk
1

3
√

π

(3/2 + k)!
k!

.

Return to the variational problem (A.2) for a fixed i; its nth order approximation
(A.4) has the following solution

X̂(W ) =
n−1∑
k=0

ξkS(k)(|W |2),

where the vector ξ = (ξ0, . . . , ξn−1) is the solution of the linear system

−
n−1∑
k=0

〈Γ[S(k)(|W |2)Wi]|S(m)(|W |2)Wi〉ξk = Lm (A.5)

with

Lm = 〈h(|W |2)Wi|S(m)(|W |2)Wi〉, m = 0, . . . , n − 1.

aFor any x, real, x! is defined in term of Gamma function, e.g. (3/2)! = 3
√

π.
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Notice that 〈X̂(W )||W |2〉 = ξ0 (since 〈S(k)||W |2〉 = 0 for any k �= 0). Then
specializing this to the case where h = 1 and the case where h(|W |) = |W |2 − 5
readily gives the following approximations of the diffusion coefficients at order n

D̃α � Tn

3Nn
ξ0,c, D̃T

α � Tn

6Nn
ξ0,a,

where ξ0,c is the first component of the solution ξ of (A.5) with L = (− 1
2 , 0, 0, . . .)

and ξ0,a is the first component of the solution ξ of (A.5) with L = (0, 5
4 , 0, . . .).

We refer to Ref. 16 for detailed computations.
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