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This paper reviews several different models of weakly ionized plasma flows, where
charged particles are scattered in a background flow of neutral particles. A multispecies
diffusion model is derived from either a kinetic model or a multifluid model (which is
the Maxwellian closure of the kinetic model). This derivation is purely formal (in the
sense that only the Hilbert or Chapman—Enskog expansions are established). An even
simpler model, the so-called ambipolar diffusion model is derived from the multispecies
diffusion model. This latter derivation is based on energy estimates and on a form of
maximum principle which is established by writing the multispecies diffusion system in
terms of the so-called Slotboom variables.
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1. Introduction

The subject matter of this paper is the mathematical modeling of weakly ionized
plasma flows. For simplicity, all plasmas considered in this paper consist of a single
species of neutral particles, a single species of ions (whose ionization level is equal
to 1) and electrons.
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Moreover, the plasmas are assumed to be weakly ionized, in the sense that only
the binary collisions involving one ion or one electron and one neutral particle
are taken into account. In other words, the flow of neutral particles is somehow
prescribed (and is not much affected by that of charged particles); it drives the
flow of charged particles and acts as a thermal bath. Hence the macroscopic picture
for the charged particles is the following: their bulk velocity is that of the neutral
particles; however, their interaction with the bath of neutral particles results in
mass and possibly temperature diffusion.

There are various models for such plasma flows: there is a kinetic model, a
multifluid model, a multispecies diffusion model and finally the so-called ambipolar
diffusion model. This paper is aimed at explaining how these various models are
related and in particular how they can be derived from one another under relevant
scaling assumptions. In particular, we have tried to delineate carefully the various
assumptions on orders of magnitude under which each model can be used.

The first main results are related to the “formal” derivations of the multispecies
diffusion model from both the kinetic and the multifluid models. A remarkable
feature of this derivation is that the kinetic and multifluid models lead to different
multispecies diffusion limiting equations; indeed the multispecies diffusion equation
derived from the kinetic model involves a term modeling thermal diffusion while the
one derived from the multifluid model does not. This kind of multispecies diffusion
models may be found for example in Refs. 8, 12 and 18.

As for the meaning of “formal”, we refer to Sec. 3 and to the precise statements
of the theorems there. Suffices it to say here that these results are based on the
Hilbert or Chapman—FEnskog expansion methods, without any proof of convergence.

Another important point is that all the analyses are stated in the whole space
R3, meaning that these approximations are expected to be valid only far from the
boundary of the domain. The presence of electrized boundaries usually involves
rather complicated boundary effects which one hopes to model by boundary layer
techniques: see for example Ref. 5, as well as Ref. 1 in the much more complicated
case of plasma erosion or electric sheaths.

The other important result is the mathematical derivation of the ambipolar
diffusion equation from a multispecies diffusion model. Here, our starting point is
not a first principle equation itself but the system consisting of a diffusion equation
for the ionic density, a generalized Boltzmann relation for the electronic density and
the Poisson equation relating the electric potential to the density of charges. This
model is the formal limit of the multispecies diffusion model when the inertia of
the electrons is neglected. At variance with the rest of the paper, this derivation is
done in a bounded domain; however the boundary conditions are compatible with
the interior approximation so that no boundary layers are required to perform the
analysis.

The paper is organized as follows: in Sec. 2, we review the main different models
for weakly ionized plasma flows that we want to derive from one another; we also
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indicate in this section the various scaling assumptions under which each model can
be derived from a more microscopic model. Section 3 is devoted to the derivation of
the multispecies diffusion model from two different models: the multifluid and the
kinetic model. Remarkably enough, the two limiting multispecies diffusion models
are, as we said, different. Section 4 is devoted to the mathematical derivation of the
ambipolar diffusion model from the multispecies diffusion model.

2. Various Models for the Weakly Ionized Plasmas
2.1. The kinetic model

The most detailed description that we shall consider here is a kinetic model derived
from the general multispecies system, based on the following assumptions:

— the distribution of neutral particles is a local Maxwellian,

— collisions between charged particles are neglected (this means that the ioniza-
tion level is very weak),

— collisions between neutral particles and ions or electrons are elastic.

The corresponding model is written in accordance with the general prescription
for the kinetic description of mixtures. This kind of models may be found for exam-
ple in Refs. 7 and 15. The only modifications come from the two first assumptions
above, leading to the following system:

o f; L Vatp — 0 (+
E +v- Vgcfl - ﬂ_?m—n : vvfi — Ql,n(flvfn)a
Ofe z
(K) a{ +v-Vofe+ %an Vofe = Qen(fe; fn),
62
_Axw = _O(Ni - Ne)'
€0

In the system above, ¢, x and v denote respectively the time, position and velocity
variable; fo = fo(t,2,v) is the number density of particles of the species a with
the subscript « being one of i (for ions), e (for electrons) and n (for neutral). The
mass of particles of type a is denoted by m,, while eg denotes the (absolute value
of the) charge of the electron and ¢ is the electric permittivity of the vacuum. For
notational simplicity, we have denoted the mass ratios by 52 = m,/m, and the
electric potential (up to the multiplicative constant ey) by 1. Finally N, = N,(t, z)
is the macroscopic number density of the species «, namely

Ny(t,x) = falt, z,v)dv.
]RS

The terms Qin(fi, fn) and Qen(fi, fu) are the Boltzmann collision integrals
modeling respectively the instantaneous variation of the ionic and electronic
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densities due to collisions with the neutral particles. Their expression is as follows:

Qa,n(fa;fn)(tvxvv)
= / d’Un/ (fa(t; T, U;)fn(t,x,’l);) - fa(t,x,’U)fn(tfon))Ta,n('U - vn,w)dw,
R3 52

where v/, and v}, are the post-collision velocities corresponding to pre-collision veloc-
ities v and v, of the particles of type e and the neutral particles respectively. These
collisions preserve the total momentum and kinetic energy of any colliding pair of
particles

2
n

M + MUy = MoVl +muvl,  mav? +muv? = ma|vl|? + ma|v) %
It is well-known that, given v and vy, the set of solutions v/, and v/ of the system
above is parametrized by the unit vector w. The positive function 7, , denotes the
product of the cross-section for the particles of type « and the neutral particle
collisions by the relative velocity of the colliding pair.

As mentioned in the Introduction, one should think of the neutral particle dis-
tribution as a given function. In the sequel, this distribution function is assumed

to be a Maxwellian function parametrized by (N, Uy, Ty) that is to say

]. _"U*UI\\Q

n

Falt) = NoMa0), - with M) = 75 :

where the density N, the velocity U, and the temperature T}, are given smooth
functions of ¢ and z, as a matter of fact they are assumed to be solution of the
Euler system for compressible fluids, see (3.1) below. Notice that T;, denotes the
temperature normalized by the mass m,, (i.e. T,, = 7,,/m, where 7, is the physical
temperature).

2.2. The multifluid model

Let Iy be a macroscopic length scale of the neutral flow (for example, the size of a
body immersed in the flow, or of the domain where the plasma is confined...). In
this paper, we assume that

— the mean free path of charged particles is small if compared to [y;.

More precisely, let wu; = p;(7},) be the mean collision frequency between the ions
and the neutral particles (which will be defined in Sec. 3.1); if uc and 7o denote

characteristic values of u; and of the physical temperature 7y, the characteristic
)

mMn

mean free path is lc = (Z2)/ 21%0 and it is convenient to introduce a first small

parameter
le

n=-—<L (2.1)
Im
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Then, in order to avoid the prohibitive numerical cost of multispecies kinetic
models, one often replaces the kinetic model above by a hydrodynamic closure
which is of the form of the classical Euler—Poisson system but with nonconservative
terms describing the relaxation of momentum of the ions and electrons due to the
collisions with neutral particles.

For this model, we also assume that:

— the ion and electron temperatures are somehow given and are equal to the
temperature of the neutral fluid.

Notice that this last assumption may be invalid, even when the collision fre-
quency of ions against neutral particles is very small if compared to the ratio of
In over the characteristic value of the their velocity. In such a case, the ions and
the neutral particles are at the same temperature, while the electronic tempera-
ture is governed by the classical energy equation which involves the coupling to the
temperature of the other species; then the modeling is more complicated but the
general ideas are the same as the ones presented in this paper.

This hydrodynamic closure reads as the following multifluid model (see for exam-
ple Ref. 6)

%Ni + V- (NiUi) =0,
?%(NiUi) + BV (NiU; ® U) + Vo (NT) + N; v?”rgbcf
= —BiuiNi (Ui — Un),
(MF) | oNet ¥ (V) = 0,

g%(NeUe) + B2V, - (NUe ® Ue) 4 V4 (N.T,) — N, —

= _5eNeNe(Ue - Un)a

€
— 9 Ayt = N; — Ne.
€0

In the above model, N, = N, (t, ) is the macroscopic number density of the species
a, U, = Uy (t, x) its velocity field.

2.3. The multispecies diffusion model

With the previous assumptions, the multispecies diffusion model is a good approx-
imation of the kinetic one. It can be found from the general prescription in Ref. 15.
For our situation, with the same notations as above, it may be recast in the following
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form, where P, = N,T,, denotes the neutral pressure:

ON;

o+ Va. (NiUs)
- %vx. [NiDiT V'zinT“ + NiD; (mvﬁi + V'”JE[ZiVTf“) - B V;fnﬂ ;
(D) %}+vymum
_ évx. [NeDeT V””nT“ + N.D. (— mv:zi + V'”]E[Zj;fn) - B2 V;f“ﬂ :

e
— 5 Ag = N; — Ne.
€0

This model can be derived rigorously from the kinetic model (K) if we let  go
to 0; see Sec. 3.1 below where the expression of diffusion coefficients De, D;, DI, DT
are given. It is also formally derived in Sec. 3.2 below from the multifluid model if
we let 17 go to 0; in which case the thermal diffusion terms vanish — in other words,
DT = DT =o.

Remark 2.1. This model (or a more general variant corresponding to several
species of both neutral and charged particles) is widely used in the aerodynamics
literature (see for example Refs. 8 and 12). Often the Poisson equation is replaced by
a relation expressing the nullity of the electric diffusion current (i.e. the difference
of the two bracketed quantities on the right-hand sides of the diffusion equations
in (D)). Then this model can be compared with the ambipolar diffusion one (see
below).

In order to derive the so-called Drift-Diffusion Model with generalized Maxwell—
Boltzmann law, we now set DI = 0 and make another approximation:

— the mass of the electron is small compared to the mass of the neutral particles
and the relaxation effect negligible compared to either the electric or hydrodynamic
force: that is,

Be <1, Pepe(Tn) < 1.

Thus all that remains from the electron momentum conservation law is

Vot _

n

va:(NeTn) - Ne

0. (2.2)

This equation will be referred to as the generalized Boltzmann relation, for, if 77
is constant, it is equivalent to

N, = Ce¥/mnTn) (2.3)
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which is the usual Maxwell-Boltzmann relation for the electrons. Then one can
replace the model (D) by

ON;
x " Ni n
T + Vi - (NUy)
1 vxTn wa vx(NiTn) 2 van
=—V,- |[NDf N;iD; - B ,
5iv ! Tn i (mnTn + NiTn ﬂl Pn
(DB)
Vot

Vi (NTy) — Ne 0,

n

€0
__QAwd} = Ni - Ne~
€o
2.4. Quasi-neutrality: The ambipolar diffusion model

Denote by N¢ a characteristic value of N,. Let us recall that in a plasma, one can
define a Debye length Ip by:

D™ 2 :
BONC

12 E()TC

We simplify further the multispecies diffusion model by making the classical
assumption that the Debye length is small compared to the macroscopic length;
then we introduce the small parameter:

€= ZD/lM < 1.
On the Poisson equation
N, 2
—LlMﬁmb =N; - N,
Tc

it becomes manifest that, in the limit as e — 0, |N; — Ne| < N; + N,, at least in
some weak sense. Hence, one can define an approximate common value for the ionic
electronic densities by

1
N, = §(Ni + Ne) ~ N; ~ Ne.

Next one can eliminate the electric force term in the ion momentum equation
by combining the two first equations of system (DB). (Notice that the electric
field is eliminated at the expense of changing the pressure law from P, = N;T} to
P, = 2N,T,. This feature is unique to all quasi-neutral models.) After eliminating
this electric force in the diffusion flux of the multispecies diffusion model, one arrives
at the single equation governing the dynamics of N,:

N, 1
a&t +Va - (Nuln) = 5 Vo - (N22DiVe log(N.T)) = 0.

That is to say, one eliminates the electric force at the expense of doubling the
ionic diffusion coefficient: introducing this factor 2 is the reason why this diffusion

(APD)
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equation is called “ambipolar”. This kind of models may be found in the classical
textbook of Delcroix (cf. Ref. 10).

3. Derivation of the Multispecies Diffusion Model from
the Kinetic and the Multifluid Models

We now explain how to derive the multispecies diffusion model (D) first from the
kinetic model (K), then from the multifluid model (MF). In fact these derivations
are extremely similar in spirit. We shall, however, treat both for they do not lead to
exactly the same diffusion equation. We have to precise the evolution of the neutral
flow; so we assume from now on that Ny, Uy, T, satisfy the Euler system

0
=Ny - (NouUn) = )
£ Ny o+ Vo (NaUy) = 0
0
S NaUn + Vi (Nl © U) + Ve (NaTs) =0, (3.1)

2
%NDTD + Vo (NaTaUn) + 5 NaTo Vi - Un = 0.

3.1. Derivation from the kinetic model
From the kinetic model (K), we make here a Hilbert expansion in the small param-
eter 7).

In this section, all the velocities are normalized by the mass ratio, that is say

Ui = fivi, Ve = BeVe
and
.fi(@i) = fi(vi), fe(@e) = fe(ve)-

The normalized Maxwellian function corresponding to the species « is given by

the formula:

|'D - ﬂaUn|2
(27 Ty) oT,

On the other hand, the mean collision frequency between the ions and the
neutral particles p; = pi(x, ;) is defined by

wi(x, 0) = Ny //./\/ln(vn)r(Uiﬁfl,w)dwdvn,
where M,, is given above. Here, if ¢ is a characteristic value of u;, we assume that

_ (To/ma)'? e
Impc Im

Ma@) =

572 XP —

is a small parameter. We now perform the following change of variables

Qi,n(wﬁivw) = nri,n(wvw)v Qe,n(wﬁea W) = nre,n(wvw)'
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From now on, we write f,, v, instead of f., 7. The kinetic equation satisfied
by the distribution function f, reads as:

Ofa 1 Va1 1

e o *VaJa 7 Sa *VoJa | = a\Ja)s 3.2

ge it (v Vet - V) = - Qu(fa) (32)
where we have set §, = —1 and & = +1; and the collision operators are

Qa(fa)(v) - Nn dvn/ (fa(U,)Mn(U:l) - fa(v)Mn(vn))QQ,n(ﬂavn - U;w)dwa
R3 S2

with

2 2Ba
v’zv—m((ﬁavn—v)'w)w, vl =y — 1—5@%

((Bavn —v) - w)w.  (3.3)

Moreover, the electric potential 1 is given by the Poisson equation
€0
—e—gAmw = [ filv)dv — [ fe(v)dv.

The goal of this section is to construct formal approximate solutions to (3.2).
Formal solutions of an equation depending upon the small parameter 7 are usually
defined as formal series in the parameter 1 with C'* coefficients satisfying the
equation. Of course the series will be truncated, in the present case at order 2.

Denote now f! the solution (3.2), it is sought in the form

fE=FA+nfl+ 07 f24 ). (3.4)

On principle, one should also expand the electric field —V . in terms of 7.
However, this is useless in the case considered here: indeed, the electric field in
the multifluid model (MF) appears along with the diffusion terms and is of the
same order of magnitude, meaning that it is small compared to the inertial term.
One can check this particular point in the statement of Theorem 3.1 below: the
electric field appear at the order O(n) in the limiting diffusion model. Hence, for
simplicity it suffices to keep the leading order term in the electric field; in other
words, expanding the electric field is unnecessary under the scaling assumptions
leading to the multi-species diffusion model (MD).

For the sake of compactness, we use the notations

G:i—ivww and DEtZﬂa%-FU'Vm—G'VU.
It will be especially convenient to consider the collision operator twisted by the
Maxwellian, instead of the original form. In other words, observe that S,v + v, =
Bav’ + vl and v2 + v2 = v2 + v2; therefore one has

Mn(vlln)Ma(U/) = My (vn)Ma(v),
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which suggests to recast the collision operator of the form

Qa(fa)(v) = NaM, M (vn) (fa(vl)Ma(v/)_l

R3 wGSi
— fa(v)Ma(v)™") gandwdov,.
We consider instead the twisted operator I' defined for any function g = g(v) by:

I(g)(v) = Ny 'M;'Qa(Mag / M (vn)( — 9(v))gandwdv,.  (3.5)

With these notations, the linear kinetic equation (3.2) reads
D
i fa+nfa+0f3+--))
=0 NaMoD(MZ o (L4 nfa + 0P fa+ ). (3.6)

The Hilbert expansion method consists in balancing order by order in n each
side of (3.6). It leads to

e Order n~ 1
(M) = 0. (3.7)
e Order n°:
. Df _
Ny e ) (39)
e Order n':

NIl g s o). (39)

Solving this string of equations depends upon applying the Fredholm alternative
to the integral operator I'. Thus we have to state the properties of the collision
operator.

3.1.1. Properties of the collision operator

Consider the Hilbert space Lo = {g| [zs 9°(v)Mq (v)dv < +00}, with scalar product
(|) defined by

e = [ g0))Ma(w)e

(in the sequel, we do not write the subscript «). For proving the following propo-
sition, we assume that there exist 0 < C' < €' and ~ € [0, 1], such that

C+ v —Ua|) < / Ma(0n)qandwdvg < C'(1+ o — Ua])', Vv eRS (3.10)

Proposition 3.1. The operator I' is a nonpositive Fredholm operator on L, with
domain

D) = {f € L, such that |v|"f € Lo };
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it has the following properties

(a) ¥V (g,h) € D(I), (T(g)|h) = (g9]T'(h)),

(b) ¥V g € D(I'), (T(g)lg) <0,

(¢c) T(g) =0<= g (v) =C, where C is a const.,

(d) Y hel?, g€ L, such that T(g) = h < (h|1) =

Sketch of the Proof. For any function h, we write b’ for h(v’) where v’ is given by
(3.3). According to the classical symmetry relation (v,v,) — (v',v]), we see that
for all h,

/ Q) (@)h(v)dv

- ‘%Nn / / / Mo ()M (vn) (/ML = FMGY) (W = h)qandwdvndy.

Hence, for all h and g € D(T),

I (9) = =3 [[[ Ma@)Mal0n)(6' = 90~ hetanddonds (31)

which establishes properties (a) and (b). Applying (3.11) with h = ¢ implies prop-

erty (c). On the other hand, we can decompose I' in the form**

(Tg)(v //./\/l Un)andwdvo, + (Kg)(v), with K compact, (3.12)

then IT" is Fredholm and (d) follows. |

3.1.2. The asymptotic expansion with respect to n
Terms at order n~1. The relation (3.7) together with Proposition 3.1(c) show that

fg(t,x,v) = Ng(t,x)Ma(v). (3.13)

In other words, the equation at order ! gives the v dependence of f2; but f9 is
modulated in the variables ¢t and x and the equation governing this modulation is
determined by the next order in the expansion.

Terms at order n°. From (3.8) and (3.13), we get

1 D

fo=——
Ja N,M,N? Dt

(M,N?). (3.14)
The compatibility condition (d) in Proposition 3.1 leads to a PDE for N{:

<D2t(MaN2)IM;1> <5a (Mo NO) 40V (Mo N2)— G-VU(MQN2)|M;1> o
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Since (v|M; 1) = B,U, and (V,g|M;t) = 0 for any g converging to 0 at infinity,
one gets
ONY
ot
This compatibility condition being satisfied, we can solve for f!. Before embarking
on the computation of the right-hand side of (3.14), it is convenient to recall some
standard notations.
The identity matrix is denoted by I; for all 3 x 3 matrices S and S’, let us
denote S+ 8" =37, ; ;0355 S;;; in addition, the following vectors and matrices are

v+ (NoUn) = 0. (3.15)

of constant use in the Hilbert expansion:
U — 6a Un
VT,

Finally, let us state X, = N2/N,; then, with these notations at hand, we get

W= AW) = (WP —5)W, BW)=WaW - %|W|2. (3.16)

Lemma 3.1. If NO satisfies relation (3.15) while Ny, Uy, and T, satisfy the Euler
system (3.1), then one gets

1 D
WE(NgMa):ﬁa (W) : Vol + AW) - Vo /Ty

w VP
— To| Valog Xo + (1 - 382)—— | |.
+ i {G—i— <V 0g Xo+(1-75) 2 >]
Proof. A classical computation gives the logarithmic derivative of the Maxwellian
distribution:
(ﬂa +0v-V ) log My = BoaBW) : VoUy + A(W) - VN Ty 4 2W - VoV Ty
+ BaVa Uy — g W -V, P,. (3.17)
NoWTh,
Then, the relation (3.15) leads to
6N0
ﬂa = —BoUy - Vilog N2 — B,V - U,. (3.18)

Combining (3. 17) Wlth (3.18) leads to the announced expression, after noticing that
V, log M, = Ty Y/*W. O

The next lemma is classical; it reflects the invariance of the collision operator I'
under the group O3(R) of the rotations of R3.

Lemma 3.2. Let "' : (KerI)* — (KerI)‘ be the pseudo-inverse of T.
There exist three real-valued functions as,b, and co defined on Rt such that,
componentwise:

I (A(
r-Y(BW
1
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Proof. See Ref. 13 for a complete proof of this fact; notice that it is especially
important to consider the relations above as involving vectors or tensors, and to
let the group O3(R) operate on them. The key idea is the observation that, for any
R € O3(R) we have

A(RW) = RA(W), B(RW)= RB(W)RT. ]
Consider now the relation (3.14), assuming that the compatibility condition

(3.15) is satisfied. By the two previous lemmas together with Proposition 3.1(c),
one gets

Fhlto,) = Nb = S Buabal(W)BOV) s VaUy = 1-aa(WDAGW) - Vo /T,

ca([WHW - [G + T, (vm log Xo + (1 - ﬂi)vfpnﬂ .

1
C NoTh P,

The equation governing the evolution of N} is found by looking at the compat-
ibility condition at order n'. Notice that a trivial parity argument shows that for
all 4,7,k =1,2,3

{ba([W])Bi; (W) [Wi) = (aa(IW])A:(W)[1) = (ca(IW[)Will) =0
while, for all ¢ # j € {1,2,3}
(aa (W) AW)W;) = (ca((W)W:i[W;) =0
In addition, the O3(R)-invariance gives, for all 7,57 =1,2,3
{ba (W) Bij(W)[1) = 0.

Terms at order n'. According to the previous relations, the compatibility condition
(d) in Proposition 3.1 applied to (3.9) leads to

0= (M1 GV AL)

8N0N1
_ﬂa = a"‘ﬂa x (NgNéUn)

0
v, [%—jmwaummuww & WLV /T,
0
~v,- [%@Q(IWI)W ® W) [G + Ta(Valog Xo + (1 = 53) Ve log Pr)]

Using again the previous relations, we see that the diffusion tensors are diagonal and
isotropic; so we can introduce the mass diffusion and thermal diffusion coefficients

Dy = 3711v (ca (WDIWI?IL), DJ = 5\[ (aa((W)A(W) - WI1). (3.19)
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We refer to the Appendix for more details on lNDa and l~)£ In particular, l~)a > 0,
while there is no proof regarding the sign of DT. Then we get

ONON!
ot

~ 0 ~
=V, - [Dg%Van + Do N? <T£ + V. log X, + (1 - %)V, loan>} :

Ba + BaVa - (NONLUL)

(3.20)

Once N} satisfies (3.20), one can solve for f2. We shall not bother to give the
explicit form of f2, for the compatibility conditions above are sufficient to give the
multispecies diffusion model. Notice that f2 € (Ker ')+, that is to say

/ £2(0) £2(v)dv = 0.

3.1.3. Statement of the theorem

The idea is then to consider N7 = NO(1 + nN]}) as the new unknown; adding n

times (3.20) to (3.15) leads to

ONT
ot

~ N7 ~ 1
4 BaVa - (NTU,) = 0V, - (DZT—anTn) + 9V, - [DaNg (—G

o =

N7
+ V. log N—a + (1= B2)V, log Pnﬂ +0(n?),

where the O(n?) is to be understood in the formal sense. That is to say N7 and
N" are approximated solutions of system (D).
In any case, this construction suggests the following formal theorem.

Theorem 3.1. Assume that the differential cross-section satisfies (3.10). Consider
a family (NJ)n>o0 of smooth solutions of

ONY
ot

=7 Na = o [ L N 2

(3.21)

ﬁa +ﬂavx : (N(Z’Un)

If we define the family

M,
FU(t,2,v) = NTMa(v) — 1 N(”)

X (Baba(IWNB(W) : VoUn = aa(W)AW) - Vo /T,)

My (v) NI 5
. . (V. log —2 4+ (1 — 2logPy ),
1 ea(WIW - (647 (Vo dog g+ (1= 92V, 10 7, ) )
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then there exists a family of functions ¢?, = ¢1(t, x,v) such that [ ¢1(t,z,v)dv =0
and F!1 +n?¢! is an approzimate solution of order 2 to (3.2), that is to say

D 1

T~ <Xa,n 7 2gpn = O 2

(5 = 2Qun ) (72 + 1P0) = 00"

Notice that [(FZ — N2M,)(v)dv = 0, so at a macroscopic level N/ is a good

approximation of the integral of the solution f,, of (3.2). If we return to the physical
variables, Eq. (3.21) may read as the diffusion model (D) stated in Sec. 2 with

D, = r]f)a, D:f = 77152

3.2. Derivation from the multifluid model

In this subsection, we shall present a formal derivation of the multispecies diffusion
model (D) from the multifluid model (MF). The multifluid model is an example of
a system of conservation laws with an external force (the electric force) and relax-
ation term (due to the slowing of charged particles by collisions with the neutral
background particles). For systems of conservation laws in the strong relaxation
limit, formal expansions in the style of the Chapman—Enskog expansion have been
proposed by different authors: see in particular Chen-Levermore-Liu® and the ref-
erences therein. Just as the Chapman-Enskog expansion allows to derive (at least at
the formal level) the compressible and incompressible Navier—Stokes equations from
the Boltzmann equation,— see for example Bardos-Golse-Levermore,> Bardos—
Ukai,* and DeMasi-Esposito-Lebowitz!'! for an account of the formal derivations
as well as for the mathematical progress made recently in this program — the
analogous expansions allow to derive (nonlinear) drift-diffusion systems from the
original systems of conservation laws in the strong relaxation limit. We shall follow
in this section the method of Chen-Levermore-Liu,? the only difference being the
(electric) force term.

Using the same small parameter n = [/l as above, the multifluid model (MF)
reads as

0
=N «+ (Nili) = 0,
N+ T (NU) = 0
1o} vw 1
?a(NiUi) + BV - (MU @ Us) + Vo (NT) 4+ Ny md} = —ﬂi%Ni(Ui - Un),
0
= Ne - (NVeUe) = ;
N+ Y (NoU) = 0
0 Ve e
g&(NeUe) +5e2va: : (NeUe®Ue) +va:(NeTn) - Ne md} — _ﬂe%Ne(Ue - Un)

Recall that here v is solution to the Poisson equation.
The Chapman-Enskog method consists in substituting the expansion US +
nUL +n? - - - truncated at first order in this system and insisting that this truncated
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expansion be consistent to the highest possible order with the real solution. This
results of course in a system of PDEs for the profiles N, and this system will be the
desired approximation. Hence consider the truncated Chapman—FEnskog expansion

Uy = U2 + U} (3.22)

which is substituted to U, in the momentum equations for both the ions and the
electrons. Balancing order by order in 7, one finds

Ul =0, (3.23)

87

and, at order one for the ion velocity, taking account of (3.23)

Ba ) 1 1
(Na iU+ Nolla- V.U + 5V (NoTo) + 25

This relation may be simplified by using the momentum conservation for the neutral
particles, that is to say

Uy =

@ —m NaG> . (324)

0 1
. Yn n' VgUn = —77 an 2
8tU + U, - VU, NHV (3.25)
so we get, in the end:
gl 1 V.(N.T,) + GN, —52&VP (3.26)
o Voz(Tn)ﬁocNa e “ “ Ny e .

The system of equations for the approximate evolution of N; and N, is then
obtained by substituting U? + nU! and U? + nU! to respectively U; and U, in the
conservation of mass for the ions and the electrons.

With this prescription we see that the solution of the multifluid model (MF)
may be approximated by the solution of the following diffusion model which reads as

0 o [ ey Ve o N

Vit Ve (Nilln) = Vs |:1/iﬂi (vx(N’Tn) o n b Ny v'”(NnTn))] ’
0 _ U vwd} 2%
atNe + vx : (NeUn) - vx |:Veﬂe (vx(NeTn) Ne My e Nnvx(NnTn)):| .

This system of the form already presented in the multispecies diffusion
model (D), but with the following choices of diffusion coefficients:

(3.27)

In this derivation of the multispecies diffusion model, there is no thermal dif-
fusion. This is because we have started from multifluid model which is based on a
Maxwellian closure for the charged particles. This is the main difference with the
diffusion approximation obtained from the kinetic theory.
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Remark 3.1. According to the expression of the ion velocity U, + nU! and the
electron velocity U, + nU}, we can get an evaluation of the electric current J =

Ni(Uyn +nUL) — No(Uy, +nUL) (by neglecting the 32 term)

J = (N; — N)U, + A (Vm(NeTn) Ne - >
__n . Vo N
VBN <Vw(NlTn) + N - e V.Py ),

where 1) solves the Poisson equation. Of course, the main term here is related to

the electron part, that is to say J ~ veﬁzNe (Vo(NeTy) — NeVath/my).

Remark 3.2. Approximating solutions of the multifluid model (MF) by solutions
of the multispecies diffusion model (D) or (DF) makes sense only as long as one is
dealing with smooth solutions. It is worth noticing that the characteristic speeds of
the multispecies model are U; & /T, for the ions and U, & /T, for the electrons,
while the drift in any of the two diffusion equations is U, ~ U; ~ U, in the strong
relaxation limit. Hence this theory cannot describe situations where the ion or
electron densities have shocks or even high frequency oscillations.

4. A Mathematical Justification of the Ambipolar
Diffusion Equation

In this section, we shall attempt to give a mathematical justification of the ambipo-
lar diffusion model (APD). Unfortunately, we have not been able to derive the
ambipolar diffusion model completely from the kinetic model. We shall instead
start from (DB). On the other hand, we can deal with a more general situation
than in (DB): we assume that the ionic temperature 7, which is now denoted by
T and the electronic temperature T, are not equal but are only proportional, that
is to say, there exists a positive constant r such that:

T, =rT. (4.1)

Let us recall that this model corresponds to the small electronic mass and strong
ionic relaxation limit. We assume that there is no thermal diffusion, that is, DI =0
in (DB). We shall introduce a further simplification: the time derivative is replaced
by an implicit discretization where N is the ionic density at the beginning of the
time-step and A = 1/At. This is justified; indeed the time evolution of the ion
density is very low compare to the coupling phenomena between electron and ion
(which are instantaneous in this model).

As it was stated in Sec. 2, after introducing the Debye length Ip, the Poisson
equation reads as

N,

C 2
A = N; — N,.
TCZD ¢
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We assume here that the Debye length is very small compared to the character-
istic length ly:
e=Ip / I < 1.

We use a dimensionless spatial variable related to ly;. We also normalize the density
function N; and N, by the charcteristic value N¢, the potential 1) by the charcteris-
tic temperature 7¢ and the function T by the charcteristic value m,7¢. Recall that

P.=NT, P°=NPT, P,=rN,T.

The resulting equations are recast in dimensionless form

AN; — V- [Di (vpi + %w)] = AN?, (4.2)
Pe

VP = -2V, (4.3)

—e?A¢p = N; — N.. (4.4)

In the above system, the temperature 7" and the diffusion coefficient D; are given
positive functions of x. This section is aimed at giving a mathematical derivation
of the ambipolar diffusion equation starting from this system. Although, as we
have already said, this system is not itself a first principle, we think that it is
worthwhile to present rigorous arguments in favor of the ambipolar diffusion model,
in particular to clarify the limits of its validity. Eliminating the electric field, thanks
to (4.3), leads to the following coupled system where P, = P and P, = PS¢ are the
new unknowns:

A A

TP = Vo [Di (Vo P+ 7P Vo (log PO] = P (4.5)
—e?V, - (TV,(log PY)) = L (pe_lp (4.6)
¢ s\NOB L)) =\ T e ) ‘

The above system, which is the classical nonlinear Poisson equation, is posed in
a domain O C R? with smooth boundary d0. The first reduced system (4.2)—(4.4)
is supplemented by the following homogeneous Neumann conditions at the bound-
ary (g—:ﬁ) |ao = 0 (indicating that the boundary is insulating) and (aéi“) 00 =0
(indicating that particles are reflected at the boundary). These conditions, with
the relation (4.3) show that (g—z:) |8O = 0. Then, it leads to the following boundary

conditions for the reduced system (4.5), (4.6)

oR\| (0P
on)lse \On

One might say that these boundary conditions are not extremely interesting

=0. (4.7)
00

from a physical viewpoint. However, (as we shall see below) the ambipolar diffusion
model is a consequence of quasi-neutrality. In order to establish the validity of the
ambipolar diffusion model up to the boundary of the domain O it is important that
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the boundary conditions exclude the possibility of source terms at the boundary
which would induce a local breakdown of the quasi-neutrality condition. The general
mathematical analysis involving boundary layers describing the departure from
quasi-neutrality near the boundary is a rather difficult subject. We refer to Ref. 5,
for the particular case where the temperature is constant and the ionic density
prescribed. For a boundary layer analysis of quasi-neutrality breakdown in the
weakly ionized case, see Ref. 1 and the work Ref. 16. In the sequel, we shall study
the system (4.5)—(4.7) in the limit as ¢ — 0.

4.1. Mazximum principle

What is fundamental for our purpose is to establish bounds on the electronic and
ionic pressures that are uniform as e — 0. The special structure of the system
(4.5)—(4.7) and particularly assumption (4.1) allow a change of unknowns analo-
gous to the introduction of Slotboom variables in the diffusion equations for semi-
conductors (see for example Ref. 17).

Proposition 4.1. Assume that the data PC and T in (4.5)—(4.7) verify the bounds

1
& <P@ <G, T@) >0, z€0, (4.8)
0
for some positive constant Cy. Then, there exists a positive constant Cy such that,
for all € > 0, any weak solution PS> 0, PS > 0 of the system (4.5)—(4.7) satisfies
the bounds
1
roi < Pf(x), Pi(x)<Cy, z2€O0. (4.9)
1
Proof. Let P > 0, P, > 0 be a weak solution of the system (4.5)—(4.7). We define
the analogue of a Slotboom variable, that is, a function u such that

P =uP;".
Equation (4.5) then becomes
A A

FUP" = Vo (DiPTTV ) = TPP. (4.10)

The classical maximum principle, when applied to Eq. (4.10), gives the estimate
T
sup u(z) < sup PO () - (sup Pe(x)) .
z€O z€O z€O
Applying next the same maximum principle to (4.6) gives
1 r+1
- (sup Pe(a:)> < sup u(x).
T \ze€O z€O
Hence one has the bounds

1
—sup P.(x) < sup Pio (z)
T zcO z€0
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and
r+1
sup u(z) < (sup P]O(x)> .
z€O z€O

Notice that these bounds are uniform in e. Proceeding exactly in the same man-
ner with the minimum principle gives lower bounds on P, and u in terms of
inf,eo PO (). m|

Remark 4.1. The uniform estimate above and classical arguments allow to prove
the existence for all € > 0 of a weak solution of the system (4.5)—(4.7) satisfying
(4.10) under the assumption (4.8); we shall not dwell on this and take this existence
result for granted in the sequel.

4.2. The asymptotic limit as € — 0

In this subsection, we first show a result related to quasi-neutrality, then the desired
result on the ambipolar diffusion.

Proposition 4.2. Assume that the data P and T in (4.5)~(4.7) verify the bounds
(4.8) for some positive constant Cy. Then the solution P, PS of (4.5)~(4.7) and

the corresponding ionic and electronic densities NY and N¢ satisfy the asymptotic

estimate
[Pf—rPgllL> = O(e), [INS — Ngllz2 = Oe), (4.11)

as € — 0.

Proof. Multiplying (4.6) by log(P¢) — log(1Pf) and integrating with respect to

1 1 1
. € _ _ pE Pe _1 _Pe
/OTT<PI TPe)<log( ) — log (r e)>dw

< 62/ TV, log PS - (V, log Pf — V, log PS)da. (4.12)
o]

results in:

Multiplying then (4.5) by (log P +rlog PS) and integrating with respect to x gives

/ D P |V log Pf + rV, log P{|*dx
O

O _ €
</ M(logRe—l—TlOgPee)dx (413)
o

T

It follows from this inequality and the uniform estimates (4.1) that

IValog Pf+rVylog Psl|r2 < Co (4.14)
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uniformly in e. Equation (4.12) is then transformed into

1 1 1
/ — (PlE - —Pee) <log(Pf) — log (—P;))dx + (r+ 1)62/ T|V, log Pt |*dx
orTl r r o
< 62/ TV . log PS - (V, log Pf + 1V, log P)dx. (4.15)
o

The first integral appearing on the left-hand side of the inequality above is non-
negative; therefore, by using the Cauchy-Schwarz inequality with (4.14), one
deduces from (4.15) the existence of a positive constant Cs (uniform in €) such
that

VTV, log P12 < Cs. (4.16)

Injecting the bound (4.16) in (4.15) gives the existence of a positive constant Cy

such that
/ 1 Pe ——]-.P6 lo (PE)—IO —]-P6 dm<C 2
_TT i yle gl g roe > Gge.

It is classical to deduce from this inequality that

H\/]Tie_ \/% L IVT (VNS = /N2 = O(e);

with the uniform bounds (4.9) established in Proposition 4.1, this gives precisely

the announced estimate. O

Theorem 4.1. Assume that the data PC and T verify the bounds (4.8) for some
positive constant Cy and that T € W1H°(O). For all ¢ > 0 let Nf and NS be
respectively the ion and electron densities corresponding to the solution PS, PS of
the system (4.5)—(4.7) verify

Nf — N,, N;— N,
in L?(0) as ¢ — 0. The function N, is a solution of the “ambipolar diffusion
equation”
AN, — Vo - (DiV(N.(Ty +T.))) = ANP (4.17)
on the domain O, with the Neumann boundary condition

ON.,
on

=0. (4.18)
o0

Proof. We go back to (4.5) which is conveniently recast in the form

€ Di € ]\]'i€ € _ O
ANE — V,, - [mi (VI(Ni T,) + NGVI(NETE))} — ANC.

e
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Letting ¢ — 0 and appealing to the estimate (4.9), one easily obtains further uniform
estimates as follows:

Vo (N{To)l| 22, [| Ve (NETe ) 22 < Cs, (4.19)

where C5 is some positive constant independent of e. Estimates (4.11) and (4.9) give
NE

—= — =0O(e 4.20

N1 =0 (4.20)

as € — 0. It follows from (4.19) and (4.20) that

NE
V. (NFT,) + F‘evx(NgTe) — V. (NfT,) — V4 (NET,)

e

= O(e).

L2

Hence, as € — 0, the ionic and electronic densities N and N§ converge weakly in
L?(0) to the same function N, satisfying Eq. (4.17) with the Neuman boundary
condition (4.18). This weak convergence follows from the uniform bounds in € estab-
lished in Proposition 4.1 and from the uniqueness of the solution of the ambipolar
diffusion problem (4.17) and (4.18). This weak convergence is in fact strong because

of the estimates (4.19) and by the regularity assumed on T'. |

Appendix A. Variational Formulation for the Diffusion
Coefficients

Let us first recall an elementary property of the mass diffusion coefficient 13@

Lemma A.1. The diffusion coefficient of each species is positive: Dq > 0.

Proof. Indeed, by Proposition 3.1(b)

w

T,
“~ 3N,

(ca((WDIW 1) =

ca (IW)Wi[Tlea (IW)Wi]) = 0.

If D, = 0, again by Proposition 3.1, c(|W|)VV1 € KerI for i = 1,2,3; but this is
impossible since by definition c(|W|)W; € (KerI')* : see Lemma 3.2. O

This Appendix is aimed at giving a variational formulation of the integral equa-
tions in Lemma 3.2 which is useful in numerical computations of the diffusion
coefficients. The problem that we have to solve can be stated as follows: Find a
radial function X which satisfies the integral equations

~T(X(IW)Wi) = r(IW[))W;, i=1,2,3 (A.1)
in the following two cases:
— case 1: h=1; then X = ¢, and D, = —< (WDW3).
— case 2: h = |VV|2 —5; then X = aa(|VV|)(|VV|2 —5) and
~ Ty
T
BE = g (xX(WIWP)

That the problem is well-posed, follows from (h(|W|?)W;|1) = 0.
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Lemma A.2. The variational formulation equivalent to (A.1) is

1
inf —=(I .10) — Hwy), i=1,2,3. A2
o 2< (O)Wil6) — (O|R(IW)W5), i 3 (A.2)

In other words, X is the only radial function such that

Vo€ (KerD)*,  —(DX(W)Wi)|0) = (R(IW[*)Wil9), i=1,2,3.  (A3)

Proof. Observe that —I" is Fredholm self-adjoint non-negative and hence induces
an elliptic bilinear form on (KerT')*. The result follows from the Lax-Milgram
theorem. 0O

The variational problem (A.2) is then approximated by the Galerkin method. It
has been known for a long time (see for example Ref. 7) that the Sonine-Laguerre
polynomials provide a good Galerkin basis for this problem; these polynomials are®

k

3/2+k)! B
s = Z% (3/2 (Jr;)!p!(k) T T

Then, if H, denotes the subspace spanned by the functions S°(|W|?),
SY|W|?),...,S™(|W|?), the nth order approximation X of the solution X of this
problem satisfies

Ve Hy —(DX(W)W)O) = (h(W*)Wil6), i=1,2,3. (A.4)

Recall the orthogonal property of these polynomials

e 2+k
/ 327t 50 (\/24) S (V2t)dt = 5mk7(3/ J )
0

It is translated as follows for the scalar product (-|-):
1 (3/2+k)!
3w k!
Return to the variational problem (A.2) for a fixed 4; its nth order approximation
(A.4) has the following solution

n—1
W) =Y &Ss®(w?),
k=0

(ST (W PWLS® (W PW;) = 0isOmk 3=

where the vector £ = (&, ...,&,—1) is the solution of the linear system

- Z DWHWIS™ (W) Wi)&k = L (A5)

with
Lo = (MWD )W;|ST™ ((WH)W), m=0,...,n—1.

aFor any z, real, z! is defined in term of Gamma function, e.g. (3/2)! = 3y/7.
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Notice that (X (W)||[W|[?) = & (since (S®)||[W|[2) = 0 for any k # 0). Then
specializing this to the case where h = 1 and the case where h(|W|) = |[W|?> — 5
readily gives the following approximations of the diffusion coefficients at order n

~ Th Th
Dy ~ z_m&“’ DI ~ 6Nn§o7a,

where & . is the first component of the solution £ of (A.5) with L = (—%, 0,0,...)
and o, is the first component of the solution £ of (A.5) with L = (0, %, 0,...).
We refer to Ref. 16 for detailed computations.
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