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Hydrodynamic instabilities play an important role in the target compression for inertial confine-
ment fusion (ICF). We present the analytical solution of a perturbed isentropic implosion. We
compare the analytical solution to the results obtained with perturbation and 2D Lagrangian
hydrodynamic codes. We also compare results from 2D code and perturbation code on a ICF like

test case.
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I. INTRODUCTION

The performance of direct drive high yield targets may
be severely limited by hydrodynamic instabilities. The
implosion process is generally achieved with a sequence
of shocks emerging from the ablator to the fuel in the
target. It is known that in order to optimize the fuel
compression at the end of implosion process, a specific
sequence of shocks is required, which must be as close as
possible to an isentropic compression. The hot spot qual-
ity is also limited by the growth of Richtmyer-Meshkov
and Rayleigh-Taylor instabilities around the ablator in-
terface. In order to understand and modelize such in-
stabilities, two complementary numerical approaches are
used in this paper. The first is dedicated to the study
of linear stability of unsteady complex flows. The code
calculates the basic one-dimensional solution and first
order three-dimensional perturbations. It is a so-called
perturbation code, named Pansy (6). The second is a
two-dimensional Lagrangian hydro-code, named CHIC,
based on a new cell-centered scheme with a Godunov
type solver. Two test cases have been chosen in order
to demonstrate the ability of this new numerical method
to simulate unstable flows. The first is the modelization
of both base and perturbed flows in the linear regime.
It is a converging cumulative flow in spherical geometry.
An analytical solution can be derived for the behaviour
of both stable (internal interface) and unstable (exter-
nal interface), and obviously for the base flow. We will
present analytical solutions for the base flow and for the
perturbations in a spherical geometry. These solutions
will allow us to understand the effects of aspect ratio
and compressibility during implosion.

The second is an ICF like test case which involves only
hydrodynamic. We consider a shell with a light fuel in the
center and a heavy fuel that surrounds it. The implosion
is driven by an external pressure derived from scaling
laws. Laser intensity is such that the final pressure is
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around 25 Mbar. Analytical solutions are not available
in this case since we consider the complex combination
of rippled converging shocks and Richtmyer-Meshkov like
instabilities occurring at heavy-light fuel interface.

Il. PERTURBATION CODE PANSY

The code PANSY (3; 6), calculates the time devel-
opment of three-dimensional modes of coupled hydrody-
namic, thermodynamic, and transport phenomena, in-
cluding heat flow, viscosity, fully linearized about zero
order spherically or cylindrically symmetric compressible
flows. The zero order solutions are calculated on a typical
one-dimensional (1D) Lagrangian grid and have the form
f7(t), where the f’s are all of the necessary hydrodynamic
and other variables, including zone radius and velocity,
and where j is the radial zone index. First order quanti-
ties, of the form f{  (¢)Yim(0)explimy] for spherical or
fi.m (Oexpli(kz +mp)] for cylindrical geometry, are cal-
culated with difference equations which are linearly per-
turbed forms of the already radially discretized zero or-
der equations, rather than discretizations of the linearly
perturbed continuous zero order equations. This rela-
tively conservative/Hamiltonian doctrine produces con-
siderably improved treatment of phenomena requiring
high radial resolution, especially artificial viscosity for
shocks.

11l. HYDRODYNAMIC CODE CHIC

The numerical method in CHIC is based on a new
scheme. This scheme uses a cell centered discretisation
based on a total energy formulation. The vertices ve-
locity and the fluxes are evaluated using a nodal solver.
This solver has been built from conservation arguments
and one entropy inequality. It can be viewed as a two-
dimensional extension of the acoustic Godunov’s solver.
This method fully answers an important question con-
cerning Lagrangian hydrodynamic : vertices displace-
ments are made consistent with face fluxes. This method
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is currently the subject of a publication (1).

IV. AN ANALYTICAL MODEL FOR LINEAR
PERTURBATIONS OF KIDDER’S SELF-SIMILAR
SOLUTION

We briefly recall the main features of Kidder’s isen-
tropic implosion of a perfect gas (5) which is a special
case of selfsimilar cumulative flows in convergent geome-
tries. This 1D solution will be used as our base flow.
Let R(r,t) be the radius of a fluid particle at time ¢
which was initially at r. We build the self-similar so-
lution using R(r,t) = h(t) r and P = s p? where s
is a constant and h(t) a function to determine. Finally
after variable separation one obtains two ODE whose so-

2 __ .2
lution is h(t) = 1/1 — (5)2 where 7 = 77_1% is
the collapse time, r; and ry are the internal and external
radii, ¢; and co are the isentropic sound speeds located

at r1 and ro. The initial density profile is given by (for
r € [ri,re)):
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The isentropic compression is obtained by imposing the
following pressure laws at the internal and external in-
terfaces of the domain :

{ P(R(ry,t),t) = Pih(t) 51,

P(R(ra,t),t) = Poh(t) 57

This fully analytical solution is obtained under the as-
sumption that v =1+ 2/v where v = 1,2, 3 whether we
have a planar, cylindrical or spherical symmetry. Here
we choose v = 3.

Y

T2y = 12 + ap&aPy(cos(0))

1, = 11 + ao§1Pi(cos(f)

Pih(t) 71

FIG. 1 Perturbation of the shell

We are now going to perturb the internal and external
faces of the shell (figure 1) in order to study hydrody-

=

namic instabilities (2; 4). Let & (7°,t) be a small dis-

placement around the unperturbed eulerian trajectory

=

R(7,t). By linearising Euler equations around the base
—

motion, one obtains to first order in & (77, ¢) :

2
a2

— —
—grad, £ - 7 — T xrot, & :H,

2
h4(t)72 + 7’divr_> — pr’; grad, (Podivr?)

(£)

where 7 denotes the lagrangian position vector, p® and

PO are density and pressure of the base motion. In or-
— —

der to solve (L), let us introduce ¢ (7,t) = X (7)G(t).

After some rearrangement, we find for ¢ € [0,7[ and

r € lry,re

(1) WLl

Pl + pG(t) =0,

2

P
(S) (u—l))?—l—(v—l)a?—i—w- gradra+gradr(?-)_())=

where 0 = divr)_() and p is a separation constant. We

impose the initial values G(0) = 1 and 42(0) = 0, then

(8) is solved under incompressibility assumption, i.e. o =
= — —

0. Therefore thanks to (S), rot;X = 0, hence X =

grad, ® where ®(r, 0) satisfies the Laplace equation

10 [ ,00 10 (. 00\
o ( E) + Zin(0) 90 <Sm<">%) =0,

which admits, after variable separation, two fonda-
mental solutions : ®; = r~(*TD P (cos(d)) and &y =
r' P, (cos()) with I € N and P, Legendre polynomial.
Then we define the two fundamental solutions of (S) :
)_(21 = grad,®; with u; =14 2 and )_(22 = grad, ®» with
e = —l + 1. After time scaling (¢t — t/7), we solve the
two evolution equations for G; with gy and for G with
po

Gi(t) = /1 —t2cos Vl;—lmg <1 t)] ,

1+t

1 1-\7  [1+6\7
t)==v1—-t2|[— _-
Ga(t) =5 <1+t> +<1—t>

We notice that lim Gi(t) =0andfor! >1 lim Ga(t) =
t—1- t1-

+oo. The time evolution of amplification for the point
with initial radius r and 6 = 0 is given by

& (ryt) = —A1(L+ 1)r 172G (8) + Aslr' ™1 Ga(t),

where the constants Ay, A are determined by the initial
levels of perturbations & and & at r1 and ro, following

— (l + 1)1"1_l_2A1 + lTll_lAQ = 51,
— (l + 1)T27l72141 —+ lTéﬁlAQ = 52.
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V. NUMERICAL RESULTS

In the cumulative converging test case, the external
interface is unstable, as it has been previously shown,
whereas the internal interface is stable. This situation is
similar to the one of Rayleigh-Taylor instability in planar
geometry. The main goals to be achieved are :

e a proper evaluation of the perturbation amplifica-
tion at the external interface for low [ mode num-
bers where an important amplification is predicted
by the analytical model.

e Knowing that the internal interface is stable but
oscillating, an aspect ratio effect can be expected.
This point is confirmed by the analytical solution :
for example with £; = 2.848738 and & = 1, we can
even stabilize the external interface.

Three configurations are studied here. First of all,
initial perturbations of modes | = 4 and | = 8 have
been applied to the external interface with an amplitude
& = 0 and & = 1. In order to ensure a linear regime
for CHIC direct 2D simulations, an effective initial am-
plitude ag = 107% has been used. This amplitude is
largely below the non-linear criteria ag {/r << 1. This
numerical artefact is not necessary for the perturbation
code PANSY since base flow is not coupled with pertur-
bations. The results will be normalized.

In all cases we use ag = 1076, r; = 09, ro = 1,
P, = 0.1, P, = 10 and p» = 1072, From this we get
p1 = 1073, s = 10° and 7 = 7.265 1073, The compu-
tational domain is defined using the symmetries of the
mode 8 i.e. (r,0) € [r1,72] X [0, g] We use equiangu-

lar meshes with (ng,ny,) = (25,44), (ngy,ny) = (50,88)
and (ng,ny) = (100,176). For the perturbation code, we
present converged calculations. Figures 2 and 3 show the
normalized amplification at external interface for mode
l =4 and | = 8 respectively. Amplification for perturba-
tion code is superposed with analytical solution. A good
agreement can be noticed with 2D solutions. The agree-
ment becomes better and better as the mesh is refined.
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FIG.2 model=4,£ =0, =1, r=r2
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FIG.3 mode | =8,£,=0,& =1,r =12

At last we focuse on the coupled test case presented
below. We use the previous numerical values but with
& = 2.848738 and & = 1. This configuration becomes
very difficult due to the aspect ratio between internal and
external interface. External perturbation amplification
presented on figure 5 is not only reduced, as compared
to previous case (figure 3), but goes back to its initial
value at final time. The 2D code predictions are correct
up to time ¢ = 0.6 7, after which the calculated pertur-
bations become larger than the theoretical one. The be-
haviour can be improved by using a refined mesh. As the
spatial differencing used here is only first order accurate,
large meshes are required in order to achieve convergence.
Similar behaviour is found on the internal interface per-
turbation which is presented in figure 4.
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FIG. 4 mode | =8, £ =2.848738, & =1, r=1m1

VI. PERTURBED TARGET IMPLOSION

Here we treat an ICF like test case. Since thermal con-
duction and energy laser deposit are not available at this
time, in our code an equivalent hydrodynamic test case
has been constructed from NIF data. Thus dimensions
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FIG. 5 mode | =8, £&1 = 2.848738, &o =1, r =12

are preserved and a driving pressure is imposed from scal-
ing law. The shell is spherical. The external radius is
1,1 mm and the interface between heavy/light material
islocated at r = 1 mm, as it is shown on figure 8. The ini-
tial densities in the shell are such that ppequy =1 g/ cm?
and preavy/Pright = 100. Initial pressure is set to 25bar.

If we assume an ideal gas law for the material, a
Chapman-Jouguet cinetic closure for ablation front, we
can exhibit that pressure at ablation front has to evolve
as :

Pay =2 pl/3 (1/4)*/3

where I is the incident driver intensity in Tw/em? and
P,y in Mbar. The driving pressure is presented on figure
7 from the driving intensity presented on figure 6. This
driving pressure law will produce a sequence of waves in
the shell such that focalisation time is 7 = 12 ns. What
we are interested here in is Richtmyer-Meshkov like in-
stability amplification which will occur at the heavy /light
interface. For this test case no analytical solution exists
but PANSY code will give the reference solution. This
code has been widely used on such kind of problems.

300

250 ~

200 1

150 1

Flux (Tw/em?)

100 ~

50 [ 1

L L L L
0 2e-09 4e-09 6e-09 8e-09 1e-08 1.2e-08
t(s)

FIG. 6 Driving intensity law
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FIG. 7 Driving pressure law
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FIG. 8 Initial perturbation of the shell

Concerning initial perturbations, we will use a [l = 4
mode representative of laser beam non-uniformity. As
we show on the homogeneous cumulative flow the mode
I = 4 has a large spatial extension and does not require a
very streched mesh compare to the base flow. The main
drawback is the coupling of perturbation which makes
this test case difficult and interesting.

First of all we present the perturbation and density
profiles on figure 9. The perturbation imposed initially
at the external interface has been transported by the first
shock up to the heavy/light interface which was initially
not perturbed. At time ¢t = 3.2 ms, the perturbation
is imprinted on the internal interface and grows in the
meantime. A Richtmyer-Meshkov like instability should
develop at this interface with an inversion of perturbation
phase. In fact, for | = 4 the perturbed shock travelling
in the light material is not unstable but only slightly de-
creases and continuously feed the interface perturbation.
At time t = 9.5 ns a second shock arising from disconti-
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FIG. 9 Perturbation and density profiles for ¢ = 2ns,
t =4ns, t = 6ns and t = 8ns (PANSY result)
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FIG. 10 Normalized amplification versus time at
heavy/light interface

nuity in driving pressure law generates a second imprint
on the heavy/light interface. This perturbed shock has a
larger velocity and intensity than the first one which ex-
plains the larger level of perturbation transmitted to the
interface. As the pressure increases, shocks are launched
in the heavy material and accelerate the interface. We
observe then a quite linear increase of the perturbation
amplitude at the interface relative to a kind of Richtmyer-
Meshkov instability. Finally, we present normalized am-
plification versus time at heavy/light interface on figure
10. The 2D results from CHIC first order spatial ac-
curacy simulations are in good agreement with PANSY
results which is second order accurate. Chronometry is

exactly the same for base flow. Concerning perturbation
we can notice that the first imprint perturbation does not
reach the reference solution. The relative imprint differ-
ence is less than 10%. The amplitude decrease after the
first shock is well reproduced as well as the amplification
up to final time. The second shock interaction is clearly
less accurately calculated than the first one, which can be
explained by the lack of accuracy of first order method.
This problem can be solved using a larger number of dis-
cretisation cells. Spatial convergence is observed clearly
on figure 10.

VIl. CONCLUSION

Linear perturbation growth in converging geometries
have been studied. The simulations have been performed
using the 2D hydrodynamic code CHIC actually devel-
opped at CELIA laboratory and the perturbation code
PANSY. We have presented a fully analytical solution
of the perturbed Kidder isentropic implosion in spherical
geometry. The comparison of our results from both codes
with the analytical solution shows a good agreement. In
a second time, we set up an ICF like hydrodynamic test
case. Here the perturbation code gives us the reference
solution due to the lack of theoretical results. Simula-
tions show a good behaviour of the 2D code compared
with the perturbation code results.
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